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Abstract

Targeted radionuclide therapy (TRT) with [177Lu]Lu-DOTA-TATE and [177Lu]Lu-PSMA-617 achieves significant clinical efficacy
in metastatic neuroendocrine tumors and castration-resistant prostate cancer, yet conventional fixed-activity administration yields
dramatic inter-patient variability in absorbed doses delivered to dose-limiting normal organs at risk. Standard multi-timepoint
quantitative SPECT/CT dosimetry requiring five sequential imaging sessions over seven days is logistically unfeasible for routine
outpatient oncology clinics. Here, we establish a Bayesian hierarchical biokinetic state-space framework for organ-level internal
dosimetry under sparse clinical sampling schedules. We formulate a physiological multi-compartmental model linking systemic
blood pool clearance, renal cortex retention, hepatic catabolism, and urinary excretion, constrained by informative multivariate
log-normal population priors calibrated on clinical trial registries. Posterior parameter distributions are resolved via Hamiltonian
Monte Carlo and the No-U-Turn Sampler (NUTS) with automatic differentiation of matrix-exponential transfer solutions. In an
empirical validation cohort of 120 authentic treatment cycles across 60 patients, a two-timepoint SPECT/CT protocol acquired at
24 h and 96 h post-infusion achieved median absorbed dose estimation errors below 5.8 % for renal parenchyma (mean (6.4 ± 3.2) %)
and 6.1 % for active red bone marrow, reducing severe outlier errors by over fourfold compared to deterministic curve fitting.
Empirical coverage of 95 % Highest Posterior Density credible intervals reached 95.0 %, providing clinicians with calibrated
confidence bounds. Coupling patient-specific low-dose CT organ segmentation eliminated systematic reference phantom mass
biases (> 25 %). Automated GPU-accelerated implementation delivers full posterior sampling in under 15 s, enabling real-time
adaptive cycle-by-cycle activity optimization. This framework resolves the fundamental conflict between outpatient imaging
burden and dosimetric rigor, establishing a practical paradigm for routine individualized radiopharmaceutical dosing.

1. Introduction

Targeted radionuclide therapy (TRT) has emerged as an
indispensable systemic modality in contemporary preci-
sion oncology, providing targeted molecular irradiation
of disseminated malignancies that express disease-specific
cell-surface receptors. Clinically validated exemplars, most
notably lutetium-177 labeled somatostatin receptor agonists
([177Lu]Lu-DOTA-TATE) for neuroendocrine tumors and
prostate-specific membrane antigen ligands ([177Lu]Lu-PSMA-617)
for metastatic castration-resistant prostate cancer, have achieved
profound overall survival extensions and symptomatic palli-
ation in large randomized phase III clinical trials [1; 2]. In
contrast to external beam radiation therapy, where highly
conformal geometric dose distributions are planned and
delivered under static anatomical coordinates, systemically
administered radiopharmaceuticals exhibit highly variable,
patient-specific pharmacokinetics governed by complex
physiological clearance, hepatic degradation, renal ultra-
filtration, and target receptor saturation dynamics [3; 4].
Consequently, delivering uniform, fixed activity prescrip-
tions (such as standard recurring infusions of 7.4 GBq of

[177Lu]Lu-DOTA-TATE) results in dramatic inter-patient
variations in absorbed doses delivered to dose-limiting nor-
mal tissues, frequently exceeding critical normal tissue toxi-
city thresholds in vulnerable individuals or yielding subop-
timal therapeutic tumor ablation in others [5; 6; 7].

Personalized dosimetry seeks to resolve this clinical dis-
parity by quantifying the exact absorbed radiation dose
delivered to critical organs at risk (OARs), particularly the
renal parenchyma and active hematopoietic red bone mar-
row, thereby enabling individualized activity escalation or
cycle interval adaptation [8; 9]. Standard clinical dosime-
try guidelines published by the Committee on Medical
Internal Radiation Dose (MIRD) and the European Asso-
ciation of Nuclear Medicine (EANM) require quantitative
serial imaging following therapeutic radiopharmaceutical
administration [10; 11]. Typically, acquiring reliable time-
integrated activity estimates requires three to five sequential
post-injection quantitative single-photon emission com-
puted tomography combined with computed tomography
(SPECT/CT) scans, recorded at discrete intervals such as
4 h, 24 h, 48 h, 96 h, and 168 h post-infusion [12; 13].
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Despite its demonstrated radiobiological validity, the
practical implementation of multi-timepoint serial SPECT/CT
dosimetry in routine clinical oncology remains exceedingly
low worldwide [14]. Most nuclear medicine departments
operate under heavy diagnostic imaging loads, where dedi-
cating camera capacity to four or five successive scans per
patient across seven consecutive days is logistically unfea-
sible [15]. Furthermore, for frail cancer patients suffer-
ing from extensive metastatic disease, chronic bone pain,
and chemotherapy-induced exhaustion, traveling to the
radiotherapy center for multiple outpatient imaging ap-
pointments represents a substantial physical, emotional, and
economic burden, leading to frequent appointment cancel-
lations and high clinical non-adherence [16; 17].

To mitigate these clinical barriers, clinical researchers
have investigated reduced or sparse sampling schedules, aim-
ing to estimate internal organ doses using only one, two, or
three post-injection imaging timepoints [18; 19]. However,
deriving accurate time-integrated activity from sparse em-
pirical data poses severe mathematical and computational
challenges. Conventional deterministic curve-fitting ap-
proaches, including trapezoidal numerical integration and
unconstrained multi-exponential least-squares regression,
are inherently ill-conditioned when applied to fewer than
four temporal measurements [20; 21]. When fitting a multi-
exponential biokinetic model to two or three noisy quanti-
tative SPECT/CT measurements, slight calibration errors
or local photon count fluctuations induce catastrophic nu-
merical instability, leading to unphysical kinetic parameters,
such as negative biological clearance rates or biologically
impossible infinite terminal half-lives [22; 23].

Single-time-point dosimetry formulas, which assume
a universal, population-averaged effective clearance rate
across all patients, avoid mathematical divergence but intro-
duce unacceptable systematic errors exceeding 35 % to 50 %
in patients whose physiological clearance deviates from me-
dian population values [24; 25]. Such extreme dosimetric
errors undermine the clinical safety of personalized therapy,
potentially risking irreversible radiation-induced nephropa-
thy or high-grade myelosuppression when patient-specific
clearance is severely underestimated [26; 27].

To transcend the fundamental limitations of determinis-
tic curve fitting, Bayesian hierarchical modeling offers an ex-
ceptionally robust mathematical paradigm. Bayesian meth-
ods formalize the integration of well-characterized prior
physiological knowledge—derived from historical phar-
macokinetic registries, pre-therapeutic diagnostic imag-
ing, and multi-compartmental physiological models—with
sparse, patient-specific observational data. through treating
pharmacokinetic transfer rates as random variables governed
by population-level probability distributions, Bayesian in-
ference regularizes the parameter space, precluding non-
physical solutions while simultaneously updating individual
kinetic parameters in response to observed data. Moreover,
Markov chain Monte Carlo (MCMC) sampling techniques
provide full posterior probability distributions rather than
mere point estimates, yielding rigorous credible intervals

that quantify the exact dosimetric confidence associated
with any chosen sampling schedule.

In this investigation, we establish a comprehensive Bayesian
hierarchical framework for internal organ-level dose esti-
mation under sparse clinical imaging schedules in targeted
radionuclide therapy. We formulate a physiologically based
multi-compartmental biokinetic model that links plasma
clearance, renal accumulation, hepatic metabolism, and uri-
nary excretion, constrained by informative multivariate log-
normal priors calibrated on clinical trial pharmacokinetic
datasets. We benchmark Hamiltonian Monte Carlo and No-
U-Turn Sampler (NUTS) algorithms against conventional
non-linear least-squares fitting across extensive simulated
and clinical cohorts receiving [177Lu]Lu-DOTA-TATE and
[177Lu]Lu-PSMA-617. Our results demonstrate that Bayesian
hierarchical estimation resolves patient-specific organ doses
with median errors below 6.5 % using only two post-injection
SPECT/CT scans, establishing a mathematically sound and
clinically tractable foundation for routine, individualized
radiopharmaceutical dosing.

1.1 Quantitative SPECT/CT Calibration and Reconstruc-
tion Physics

The fidelity of Bayesian kinetic inference rests upon the
radiometric accuracy of the input serial activity measure-
ments extracted from reconstructed SPECT/CT volumes.
In targeted radionuclide therapy with [177Lu], quantitative
emission tomography is complicated by the presence of
multiple cascading gamma transitions, high patient-scatter
fractions, collimator-detector response blur, and septal pene-
tration from high-energy Bremsstrahlung photons [12; 13].
Lutetium-177 decays via beta-minus emission with a phys-
ical half-life of 6.647 d, emitting two principal diagnostic
gamma rays suitable for external scintillation imaging: a
lower-energy photopeak at 112.9 keV (abundance 6.17 %)
and a dominant higher-energy photopeak at 208.4 keV
(abundance 10.36 %).

To ensure calibrated conversion from reconstructed vol-
umetric counts to absolute physical radioactivity in megabec-
querels, clinical gamma camera systems (such as dual-head
Symbia Intevo or Discovery NM/CT systems equipped with
medium-energy low-penetration parallel-hole collimators)
undergo standardized planar and tomographic calibration
protocols. System sensitivity factors Scam [/s/MBq] are de-
termined by imaging traceable reference sources of [177Lu]
positioned in broad-beam air geometry and inside standard-
ized water-filled cylindrical phantoms at varying acquisition
radii.

Scatter compensation is achieved using the Triple-Energy
Window (TEW) method. For the primary 208 keV pho-
topeak (energy window 208 keV ±10 %, encompassing
187.6 to 229.2 keV), two adjacent narrow sub-windows
are acquired simultaneously: a lower scatter window Wsub,1
(170.8 to 187.6 keV) and an upper scatter window Wsub,2
(229.2 to 246.0 keV). The net unscattered photopeak count
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Table 1. Demographic and Clinical Baseline Characteristics of the Patient Evaluation Cohort (N = 120 Treatment Cycles Across 60
Unique Patients).

Clinical Characteristic / Covariate [177Lu]Lu-DOTA-TATE (N = 60) [177Lu]Lu-PSMA-617 (N = 60) Combined Evaluation Cohort

Patient Age [years], Median (Range) 64.2 (41 – 78) 71.5 (52 – 84) 67.8 (41 – 84)

Sex, Male / Female [%] 55.0 / 45.0 100.0 / 0.0 77.5 / 22.5

Body Weight [kg], Mean± SD 76.4± 14.2 81.2± 12.8 78.8± 13.6

Body Mass Index (BMI) [kgm−2] 26.8± 4.5 27.4± 3.9 27.1± 4.2

Administered Therapeutic Activity [GBq] 7.42± 0.38 7.38± 0.42 7.40± 0.40

Baseline Serum Creatinine [µmol L−1] 84.2± 18.5 96.8± 24.2 90.5± 22.1

Estimated GFR (eGFR) [mL/min/1 73m2] 88.5± 18.2 74.2± 16.5 81.4± 18.6

Patients with Moderate Renal Impairment (eGFR < 60) [%] 8.3 (5/60) 18.3 (11/60) 13.3 (16/120)

CT-Segmented Bilateral Kidney Mass [g], Mean± SD 318.5± 62.4 294.2± 54.8 306.4± 59.8

Range of Individual Kidney Masses [g] 168 – 486 142 – 442 142 – 486

CT-Segmented Liver Mass [g], Mean± SD 1640± 320 1580± 295 1610± 310

Treatment Cycle Sequence, Cycle 1 / Cycle 2 / Cycle≥ 3 [%] 40.0 / 35.0 / 25.0 45.0 / 30.0 / 25.0 42.5 / 32.5 / 25.0

density Cnet(r) is calculated pixel-by-pixel:

Cnet(r) = Cpeak(r)−

[︄
Csub,1(r)
∆Wsub,1

+
Csub,2(r)
∆Wsub,2

]︄
·
∆Wpeak

2
, (1)

where ∆W denotes the respective window energy widths
in keV.

Iterative tomographic reconstruction is executed using
three-dimensional Ordered Subset Expectation Maximiza-
tion (3D-OSEM), incorporating CT-based patient atten-
uation maps rescaled from diagnostic Hounsfield units to
linear attenuation coefficients ¯(r, Efl = 208 keV) [cm−1].
Collimator-detector response (CDR) compensation is mod-
eled via three-dimensional Gaussian distance-dependent
point-spread functions:

œd(z) =
√︂
œ2

0 + z2 tan2 `coll, (2)

where z is the perpendicular source-to-collimator distance,
œ0 is the intrinsic crystal spatial resolution, and `coll is the
collimator acceptance angle. Incorporating full physical cor-
rections (attenuation, scatter, and collimator blur) within 6
iterations and 10 subsets yields quantitatively accurate activ-
ity distributions across organs whose physical dimensions
exceed twice the spatial resolution of the imaging system.

For small anatomical sub-structures or thinned renal cor-
tices whose spatial dimensions are comparable to the cam-
era full-width at half-maximum (FWHM ≈ 10 to 12 mm),
partial volume effects (PVE) induce significant apparent
activity dilution. We determine empirical recovery coeffi-
cients (RC) using an anthropomorphic NEMA IEC body
phantom containing hot spheres of diameters ranging from
10 to 37 mm. The recovery curve is parameterized as a
function of spherical volume VVOI :

RC(VVOI ) =
Cmeasured/VVOI

Ctrue/VVOI
=

1

1 +
(︂

V0
VVOI

)︂fl , (3)

where V0 and fl are fitted empirical calibration constants.
Applying these recovery coefficients during VOI activity
extraction ensures that organ activity measurements fed
into the Bayesian likelihood are strictly unbiased.

1.2 MathematicalBenchmarkingAgainstCompetingDosi-
metric Methodologies
To establish the statistical superiority of the Bayesian hi-
erarchical state-space framework, it is essential to rigor-
ously contrast its mathematical formulation against alterna-
tive computational methodologies historically proposed for
sparse internal radiation dosimetry [18; 20].

The most rudimentary approach is Non-Compartmental
Analysis (NCA), which calculates the time-integrated ac-
tivity by trapezoidal quadrature between measured points,
coupled to an assumed mono-exponential tail extrapolated
from the final observational timepoint tK :

ÃNCA =
K−1∑︂
k=1

A(tk) + A(tk+1)
2

(tk+1 − tk) +
A(tK)
˘tail

, (4)

where ˘tail is an empirical decay constant. When clinical
sampling is sparse (K ≤ 3), trapezoidal interpolation intro-
duces severe linear discretization errors, underestimating
the convex curvature of early post-infusion organ accumu-
lation while overestimating intermediate clearance plateaus.
Furthermore, if the final measurement tK is acquired prior
to complete vascular clearance (e.g., at 48 h), assigning an
unconstrained tail slope yields catastrophic sensitivity to
noise, with time-integrated activity estimates diverging by
over 45 %.

A more sophisticated classical approach is Non-Linear
Mixed-Effects (NLME) modeling, implemented in stan-
dard pharmacometric software suites such as NONMEM or
Monolix [22]. NLME decomposes pharmacokinetic param-
eters into fixed population effects fi and random individual
deviations ȷj ∼ N (0, ˙):

`j = fi exp(ȷj), (5)

optimizing the marginal population likelihood via the First-
Order Conditional Estimation with Interaction (FOCE-I)
algorithm or Stochastic Approximation Expectation Max-
imization (SAEM). While NLME provides robust popu-
lation estimates across large aggregated clinical registries,
evaluating empirical Bayes estimates (maximum a posteriori
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Figure 1. System architecture and computational workflow of the Bayesian hierarchical internal dosimetry platform. Sparse post-
injection SPECT/CT measurements are combined with informative physiological population priors in a state-space formulation, solved
via Hamiltonian Monte Carlo to generate full posterior probability densities and credible intervals for personalized organ dose estimation.

modes) for an isolated individual patient presenting with
sparse two-timepoint data frequently encounters Hessian
singularity or numerical saddle points in the presence of
low signal-to-noise ratios.

Recently, machine learning regression architectures and
deep generative neural networks—such as conditional Gen-
erative Adversarial Networks (cGANs) and Variational Au-
toencoders (VAEs)—have been trained on simulated activity
curves to predict time-integrated activities directly from

early imaging timepoints. However, deep neural regres-
sors operate as unconstrained function approximators that
do not enforce the physical laws of mass conservation or
radioactive decay. In the presence of atypical clinical ar-
tifacts, such as bowel gas displacement or patient bladder
filling voids, deep learning networks can generate unphysi-
cal hallucinations without providing calibrated uncertainty
metrics.

Our Bayesian hierarchical framework overcomes each
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of these historical limitations. through integrating physical
compartmental differential equations directly into the like-
lihood function, mass conservation and physical decay are
strictly guaranteed. Furthermore, by utilizing Hamiltonian
Monte Carlo sampling rather than point optimization, our
framework avoids Hessian singularities and provides com-
plete, exact posterior probability density distributions that
explicitly inform clinical decision-making.

2. MIRD Internal Dosimetry and Cumulative Activity
The formal quantification of absorbed radiation dose from
internally administered radiopharmaceuticals is grounded
in the standardized schema developed by the Medical In-
ternal Radiation Dose (MIRD) Committee. Under this
framework, the human body is represented as a collection
of source regions rS containing radioactive emitters and
target regions rT that absorb ionizing radiation energy.

2.1 Time-Integrated Activity Derivation
The fundamental time-dependent physical quantity govern-
ing internal radiation exposure is the instantaneous radioac-
tivity A(rS , t) [Bq] contained within each source tissue vol-
ume rS at post-administration time t ≥ 0. The total number
of nuclear transitions occurring within source organ rS over
an infinite time horizon is defined as the time-integrated
activity Ã(rS), also termed cumulative activity [Bq s]:

Ã(rS) =
∫︂ ∞

0
A(rS , t) dt. (6)

Equivalently, dividing Ã(rS) by the total administered ther-
apeutic activity A0 = A(t = 0) yields the residence time ø(rS)
[h], representing the effective duration during which the
initial activity would need to reside in the source region to
produce the observed total number of nuclear transforma-
tions:

ø(rS) =
Ã(rS)
A0

=
∫︂ ∞

0

A(rS , t)
A0

dt. (7)

In standard multi-exponential pharmacokinetic mod-
eling, the instantaneous activity curve normalized by ad-
ministered activity is expressed as a sum of P decaying
exponential components:

A(rS , t)
A0

=
P∑︂

p=1
Cp exp

(︂
−˘eff ,pt

)︂
, (8)

where Cp are dimensionless fractional amplitudes subject
to physical boundary conditions, and ˘eff ,p are effective
clearance rate constants [h−1]. The effective clearance rate
combines physical radioactive decay ˘phys = ln(2)/T1/2,phys
and biological clearance ˘bio,p = ln(2)/T1/2,bio,p:

˘eff ,p = ˘phys + ˘bio,p. (9)

Under this analytical formulation, integrating Eq. (8) from
administration (t = 0) to infinity yields the closed-form
time-integrated activity:

Ã(rS) = A0

P∑︂
p=1

Cp
˘eff ,p

= A0

P∑︂
p=1

Cp
˘phys + ˘bio,p

. (10)

When clinical measurements are sparse, determining
the amplitudes Cp and biological clearance rates ˘bio,p through
unconstrained least-squares regression becomes mathemati-
cally ill-posed, yielding extreme sensitivity to measurement
noise and parameter degeneracy.

2.2 Absorbed Dose and Source-to-Target Geometric S-
Factors
Following the MIRD formulation summarized by [6], ab-
sorbed radiation dose across anatomical targets is modeled
as the product of time-integrated activity and geometric
S-factors incorporating absorbed fractions and organ mass.
Formally, the total mean absorbed dose D̄(rT ) delivered
to target organ rT is calculated by summing the radiation
cross-fire contributions from all source organs rS within
the body:

D̄(rT ) =
∑︂
rS

Ã(rS)S(rT ← rS), (11)

where S(rT ← rS) denotes the radionuclide-specific and
geometry-specific S-factor [Gy Bq−1 s−1].

The physical S-factor represents the mean absorbed dose
delivered to target volume rT per nuclear transformation
occurring in source volume rS :

S(rT ← rS) =
1

M(rT )

∑︂
i
∆iŒi(rT ← rS), (12)

where M(rT ) [kg] is the physical mass of the target organ,
∆i = yiEi is the mean energy emitted per nuclear transition
for radiation type i (with radiation yield yi and transition
energy Ei in J), and Œi(rT ← rS) is the dimensionless ab-
sorbed fraction, defined as the fraction of energy emitted by
radiation type i in source organ rS that is absorbed within
target organ rT .

Equivalently, defining the specific absorbed fraction
(SAF) as Φi(rT ← rS) = Œi(rT ← rS)/M(rT ) [kg−1], the
S-factor formulation simplifies to:

S(rT ← rS) =
∑︂

i
∆iΦi(rT ← rS). (13)

For short-range charged particles, such as the beta elec-
trons and conversion electrons emitted by [177Lu], non-
penetrating radiation is predominantly absorbed locally
within the source organ itself. Under the non-penetrating
approximation, the self-irradiation absorbed fraction is unity
(Œnp(rS ← rS) ≈ 1), while cross-organ absorbed fractions
approach zero (Œnp(rT ← rS) ≈ 0 for rT ≠ rS). Conse-
quently, the self-dose contribution accounts for over 90 %
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to 95 % of the total absorbed dose delivered to major ab-
dominal organs:

D̄self (rT ) = Ã(rT )S(rT ← rT ) ≈
Ã(rT )∆np

M(rT )
. (14)

However, penetrating secondary gamma rays and Bremsstrahlung
photons contribute measurable cross-fire doses, particu-
larly between closely adjacent abdominal structures such
as the spleen, left kidney, and adjacent bowel loops. In our
computational framework, full S-factor matrices derived
from high-resolution boundary-conformal anthropomor-
phic voxel phantoms are evaluated, capturing all self- and
cross-irradiation components.

2.3 Radiobiological Damage Modeling and Biologically
Effective Dose (BED)
Translating physical absorbed radiation dose into predictable
clinical toxicity requires radiobiological formalisms that ac-
count for the protracted, continuously decaying dose rate
characteristic of internal radionuclide emitters [1; 3]. Unlike
external beam radiotherapy, where high-dose-rate frac-
tions of 1.8 to 2.0 Gy are delivered over several minutes,
targeted radiopharmaceuticals deliver low continuous dose
rates (Ḋ(t) ≈ 0.05 to 0.50 Gy h−1) that decline monoton-
ically over weeks in accordance with effective clearance
kinetics. During this prolonged exposure, cellular repair
pathways actively fix sublethal DNA double-strand breaks
concurrently with irradiation.

The standard radiobiological framework for compar-
ing disparate fractionation and protraction regimens is the
Biologically Effective Dose (BED), derived from the linear-
quadratic (LQ) cell survival model:

BED = D
[︃

1 +
G
ff/fi
·D
]︃

, (15)

where D [Gy] is the total physical absorbed dose, ff/fi [Gy]
is the tissue-specific radiobiological sensitivity ratio (char-
acterizing the balance between non-repairable single-hit
chromosome aberrations and repairable double-track le-
sions), and G is the dimensionless Lea-Catcheside dose pro-
traction factor.

For exponentially decaying internal radiation fields with
multi-exponential clearance, the Lea-Catcheside factor ac-
counts for the competition between ongoing radiation dam-
age and first-order cellular sublethal damage repair gov-
erned by repair rate constant ¯rep = ln(2)/T1/2,rep [h−1]:

G =
2

D2

∫︂ ∞
0

Ḋ(t) dt
∫︂ t

0
Ḋ(t′) exp

(︁
−¯rep(t − t′)

)︁
dt′. (16)

Substituting the multi-exponential dose rate profile Ḋ(t) =
D0
∑︁P

p=1 wp exp(−˘pt) into Eq. (16) allows exact analytical

evaluation:

G =
2(︂∑︁

p
wp
˘p

)︂2

P∑︂
i=1

P∑︂
j=1

wiwj
˘i + ˘j

[︄
¯rep

¯rep + ˘i + ˘j

]︄
· 1
˘i˘j

.

(17)
For normal renal tubular epithelium, clinical radiobio-

logical evaluations establish an ff/fi ratio of 2.6 Gy (reflect-
ing late-responding normal tissue characteristics) and a re-
pair half-time of T1/2,rep ≈ 2.5 h (¯rep = 0.277 h−1) [5]. Be-
cause the biological clearance half-life of [177Lu]Lu-DOTA-TATE
in kidneys (T1/2,eff ≈ 70 h) is more than twenty times
longer than the cellular repair half-time, sublethal DNA re-
pair operates at near-complete efficiency during treatment.
Consequently, the Lea-Catcheside factor collapses to very
small values (G ≈ 0.03 to 0.05), meaning that a physical
renal dose of 23 Gy delivered via protracted [177Lu] cor-
responds to a BED of only 25 Gy to 27 Gy (evaluated at
ff/fi = 2.6 Gy), well below the conventional 40 Gy external
beam nephrotoxicity limit.

Conversely, for active red bone marrow, the intrinsic ra-
diobiological sensitivity ratio is substantially higher (ff/fi ≈
10.0 Gy), and cellular repair is more rapid (T1/2,rep ≈ 1.5 h,
¯rep = 0.462 h−1) [4]. However, hematopoietic stem and
progenitor cells exhibit high susceptibility to mitotic catas-
trophe and delayed senescence even under low continuous
dose rates. Through sampling full posterior parameter dis-
tributions, our Bayesian framework computes joint credible
intervals over both physical absorbed dose D and Biologi-
cally Effective Dose BED, equipping clinicians with biolog-
ically meaningful predictors of chronic renal insufficiency
and myelosuppressive nadirs.

3. Bayesian Hierarchical Kinetic Formulation
To resolve the parameter degeneracy of sparse sampling,
we cast the internal biokinetic estimation problem into a
Bayesian hierarchical state-space framework. This structure
separates experimental observation errors from intrinsic
biological variability across patient populations.

3.1 Physiological Multi-Compartmental System
We represent systemic radiopharmaceutical distribution
through a physiological four-compartment biokinetic sys-
tem comprising:

1. Blood Plasma Pool (X1): Rapid initial systemic distri-
bution volume receiving intravenous activity infusion;

2. Renal Parenchyma (X2): Dose-limiting excretory tis-
sue exhibiting active proximal tubular reabsorption and
interstitial retention;

3. Hepatic Tissue (X3): Reticuloendothelial clearance and
metabolic catabolism compartment;

4. Urinary Bladder and Excretory Void (X4): Terminal
elimination sink.

The continuous-time mass transfer between compart-
ments is governed by a linear system of coupled ordinary
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differential equations:

dX(t)
dt

= KX(t)− ˘physX(t), (18)

where X(t) = [X1(t), X2(t), X3(t), X4(t)]T is the state vec-
tor of compartmental activities [MBq], ˘phys is the physical
decay constant of the radionuclide, and K is the compart-
mental rate transition matrix:

K =

⎡⎢⎢⎣
−(k12 + k13 + k14 + k1e) k21 k31 0

k12 −(k21 + k24) 0 0
k13 0 −(k31 + k34) 0

k14 + k24 + k34 0 0 0

⎤⎥⎥⎦ ,

(19)
where kij denotes the unidirectional biological transfer rate
constant from compartment i to compartment j [h−1], and
k1e represents non-renal systemic elimination.

Given initial conditions X(0) = [A0, 0, 0, 0]T , the an-
alytical solution for compartmental activity over time is
obtained via matrix exponential computation:

X(t) = exp
(︂

(K− ˘physI)t
)︂

X(0). (20)

Integrating Eq. (20) analytically from t = 0 to t → ∞
directly yields the exact vector of time-integrated activities:

Ã =
∫︂ ∞

0
X(t) dt = −(K− ˘physI)

−1X(0). (21)

This closed-form formulation establishes a direct, differ-
entiable mapping between the biokinetic rate parameters
` = {k12, k21, k24, k13, k31, k34, k14} and the cumulative or-
gan activity vector Ã.

3.2 Physiological Prior Distributions
In the Bayesian paradigm, unknown kinetic parameters `j
for patient j are treated as random draws from a population-
level prior distribution. Because rate constants are strictly
positive and typically exhibit right-skewed log-normal vari-
ations across human cohorts, we parameterize the individual
rate vector `j ∈ RD as:

log `j ∼ N
(︁
¯pop,Σpop

)︁
, (22)

where ¯pop ∈ RD is the vector of population geometric
mean log-rates, and Σpop ∈ RD×D is the covariance matrix
capturing inter-parameter correlations and physiological
between-subject variability:

Σpop = diag(œpop)˙pop diag(œpop), (23)

with standard deviation vector œpop and correlation matrix
˙pop.

To enforce weakly informative priors on the hierarchical
hyperparameters, we specify hyperpriors:

¯pop ∼ N (¯0, ˚0) , (24)

œpop,d ∼ Half-Cauchy(0, fld), d = 1, . . . , D, (25)

˙pop ∼ LKJ(ȷ = 2.0), (26)

where the LKJ correlation prior with shape parameter ȷ =
2.0 assigns moderate regularizing probability mass toward
the identity matrix, penalizing unphysically extreme corre-
lation values between physiological transfer rates.

3.3 LikelihoodFormulationandMeasurementNoiseModel
Let Yj = {yj,m,k} denote the matrix of observed radioac-
tivity measurements for patient j, where yj,m,k represents
the activity measured in organ m ∈ {1, 2, 3} at imaging
timepoint tk ∈ {t1, t2, . . . , tK}. Quantitative SPECT/CT
measurements are subject to count-dependent Poisson noise,
partial-volume recovery inaccuracies, and camera calibra-
tion uncertainties.

To model these multi-factorial errors, we formulate a
heteroscedastic Gaussian observation model with propor-
tional variance:

yj,m,k ∼ N
(︂

Xm(tk; `j),œ2
obs,m,k

)︂
, (27)

where Xm(tk; `j) is the biokinetic model prediction evalu-
ated at time tk, and the total observational variance œ2

obs,m,k
scales with signal magnitude:

œ2
obs,m,k = œ2

base,m +
(︁
ffirel · Xm(tk; `j)

)︁2 , (28)

with absolute baseline noise œbase,m accounting for back-
ground subtraction uncertainty, and relative calibration co-
efficient ffirel ∈ [0.05, 0.10] capturing quantitative SPECT
reconstruction variability.

The full joint posterior distribution over individual pa-
rameters `j and population hyperparameters {¯pop,Σpop} is
formulated via Bayes’ theorem:

p(`1:N , ¯pop,Σpop | Y1:N )

∝
N∏︂
j=1

[︁
p(Yj | `j)p(`j | ¯pop,Σpop)

]︁
× p(¯pop)p(Σpop). (29)

3.4 Receptor-Mediated Saturable Clearance and Renal
Megalin Complexes
The biokinetic clearance of peptide- and small-molecule-
based radiopharmaceuticals deviates significantly from pas-
sive fluid filtration due to active receptor binding and tubular
reabsorption mechanisms [7; 9]. In targeted radioligand
therapies such as [177Lu]Lu-DOTA-TATE and [177Lu]Lu-PSMA-617,
renal accumulation is predominantly mediated by endocytic
retrieval in the proximal convoluted tubules. Following
glomerular filtration through fenestrated capillaries and the
podocyte slit diaphragm (molecular weight < 60 kDa), fil-
tered peptides entering the tubular lumen encounter the
multi-ligand endocytic receptor complex formed by me-
galin (LRP2) and cubilin expressed on the apical brush bor-
der membrane of proximal tubular cells.
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Figure 2. Physiological four-compartment biokinetic mass-transfer model for [177Lu]-labeled radiopharmaceuticals. Mass transfer rates
kij link systemic blood plasma distribution with renal retention, hepatic extraction, and terminal urinary excretion, coupled to radioactive
decay losses across all anatomical sub-compartments.

These receptors bind filtered radioligands with high
affinity, triggering clathrin-mediated endocytosis that trans-
ports the peptide-receptor complex into acidic endosomes
and subsequent lysosomes. While the targeting peptide vec-
tor undergoes enzymatic proteolysis, the residual radiometal-
chelate complex ([177Lu]Lu-DOTA) is metabolically trapped
within the tubular lysosomal compartment, where it decays
and delivers localized cross-fire radiation to adjacent epithe-
lial nuclei and surrounding glomeruli.

To capture this active physiological retention, we ex-
pand the renal compartment kinetics into a nonlinear Michaelis-
Menten reabsorption model:

Jreabs(Ctub) =
Vmax · Ctub(t)
Km + Ctub(t)

, (30)

where Ctub(t) [µmol L−1] is the concentration of filtered
radiopharmaceutical in the tubular lumen, Vmax [µmol h−1]
is the maximum transport capacity of the megalin-cubilin
brush border system, and Km [µmol L−1] is the Michaelis
affinity constant.

In clinical practice, co-administering nephroprotective
basic amino acid infusions—specifically positively charged
L-lysine and L-arginine—induces competitive electrostatic
inhibition of the megalin receptor complex. The positively
charged guanidinium and amino side chains bind compet-
itively to the negatively charged extracellular domains of
megalin, suppressing radioligand endocytosis:

J inhib
reabs (Ctub, CAA) =

Vmax · Ctub(t)

Km
(︂

1 + CAA(t)
Ki

)︂
+ Ctub(t)

, (31)

where CAA(t) is the dynamic plasma concentration of in-
fused protective amino acids, and Ki is the competitive
inhibition constant. Co-infusion of amino acids reduces
renal parenchymal retention by 35 % to 50 %, diverting un-
bound radiopharmaceutical directly into the bladder void

and significantly lowering the baseline renal inflow rate
constant k12.

At therapeutic peptide mass doses administered in rou-
tine clinical care (typically 200 µg of DOTA-TATE per in-
jection, corresponding to plasma concentrations well below
micromolar levels: Ctub ≪ Km), the reabsorption kinetics
operate primarily within the linear, non-saturated regime
(Jreabs ≈

Vmax
Km

Ctub). Consequently, linear compartmental
transfer rates (k12 and k21) provide an accurate mathematical
representation for the majority of oncology patients. How-
ever, in patients receiving high-mass radiopharmaceutical
injections or experiencing severe dehydration, our Bayesian
state-space framework accommodates nonlinear Michaelis-
Menten terms directly within the numerical ODE inte-
gration step, ensuring physiological fidelity across diverse
administration regimes.

3.5 Continuous-TimeMarkovJumpProcessesandStochas-
tic Phenotypic Transitions

To connect macro-scale organ biokinetics with stochas-
tic micro-dosimetric radiation damage, we formulate a
continuous-time Markov jump process that describes the
stochastic transition of functional renal parenchymal sub-
units (nephrons) between intact, sublethally irradiated, and
non-functional fibrotic states under continuous radionuclide
decay [1; 4].

Let N(t) = [Nint(t), Ndam(t), Nfib(t)]T denote the state
vector of functional nephron subunits across an individual
patient’s kidneys, where Nint represents fully functional
intact nephrons, Ndam denotes subunits possessing active
repairable double-strand breaks, and Nfib represents irre-
versibly damaged or apoptotic subunits. The continuous-
time transition probabilities over infinitesimal time incre-
ments ∆t are governed by time-varying transition hazard
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Table 2. Physiological Prior Distributions and Hyperparameter Specifications for the Multi-Compartmental Biokinetic Model.

Parameter Symbol Biological Description Distribution Family Population Mean ¯pop Between-Subject CV (%) Physiological Reference Range

k12 Plasma-to-Kidney Inflow Rate [h−1] Log-Normal 0.142 32.5 [0.065, 0.285]

k21 Kidney-to-PlasmaWashout Rate [h−1] Log-Normal 0.024 38.2 [0.008, 0.058]

k24 Kidney-to-Bladder Excretion Rate [h−1] Log-Normal 0.018 35.0 [0.006, 0.042]

k13 Plasma-to-Liver Extraction Rate [h−1] Log-Normal 0.088 28.4 [0.042, 0.165]

k31 Hepatic Recirculation Rate [h−1] Log-Normal 0.012 42.0 [0.004, 0.032]

k34 Biliary/Metabolic Elimination Rate [h−1] Log-Normal 0.009 45.0 [0.002, 0.024]

k14 Direct Glomerular Filtration Sink [h−1] Log-Normal 0.620 30.5 [0.280, 1.150]

Vplasma Initial Systemic Distribution Volume [L] Gaussian 4.85± 0.65 13.4 [3.50, 6.20]

œbase Absolute SPECT Baseline Measurement Noise [MBq] Half-Normal 4.50 25.0 [2.0, 8.0]

ffirel Relative SPECT Calibration Uncertainty Coefficient Beta(ff = 8,fi = 92) 0.080 24.0 [0.040, 0.140]

˙pop Kinetic Rate Correlation Matrix Hyperparameter LKJ Prior (ȷ = 2.0) Identity – Moderately Regularized

rates:

P(Ndam(t + ∆t) | Nint(t)) = ˇionḊkidney(t)∆t + o(∆t), (32)

P(Nint(t + ∆t) | Ndam(t)) = ¯rep∆t + o(∆t), (33)

P(Nfib(t + ∆t) | Ndam(t)) = ˘fibḊkidney(t)∆t + o(∆t), (34)

where ˇion [Gy−1] is the radiation-induced ionization dam-
age susceptibility, ¯rep [h−1] is the enzymatic DNA repair
rate constant, and ˘fib represents the probability of misrepair
leading to permanent tubular sclerosis.

The temporal probability distribution of the Markov
jump process satisfies the forward Kolmogorov differential
equation:

dp(t)
dt

= Q(t)p(t), (35)

where Q(t) is the infinitesimal generator transition rate
matrix:

Q(t) =

⎡⎢⎣−ˇionḊkidney(t) ¯rep 0
ˇionḊkidney(t) −(¯rep + ˘fibḊkidney(t)) 0

0 ˘fibḊkidney(t) 0

⎤⎥⎦ .

(36)
Because the instantaneous dose rate Ḋkidney(t) is driven

directly by the posterior compartmental activity trajecto-
ries X2(t; `) inferred by our Bayesian MCMC sampler, this
stochastic formulation integrates seamlessly with the hier-
archical biokinetic framework. through drawing Markov
trajectories for each posterior parameter sample `(s), the
model evaluates the posterior predictive probability of de-
veloping chronic renal functional reserve depletion:

P(Renal Reserve Loss > 20 %) =
1

Spost

Spost∑︂
s=1

I

⎛⎝N(s)
int(t →∞)
Nint(0)

< 0.80

⎞⎠ .

(37)
Coupling stochastic state-space Markov processes with macro-
scopic biokinetic transport bridges the gap between physical
internal dosimetry and long-term clinical nephrotoxicity
risk stratification.

4. Markov Chain Monte Carlo Sampling Schemes
Because the joint posterior distribution in Eq. (29) lacks an
analytical closed-form expression, we employ high-performance

Markov Chain Monte Carlo (MCMC) algorithms to draw
representative parameter samples from the multi-dimensional
posterior space.

4.1 Metropolis-Hastings and Hamiltonian Dynamics
Standard Random Walk Metropolis-Hastings (RWMH) al-
gorithms struggle in non-linear biokinetic estimation due to
strong parameter correlations between clearance rates and
compartment distribution volumes. In high dimensions,
random walk proposals exhibit severe random diffusion,
leading to poor proposal acceptance rates and slow explo-
ration of posterior tails.

To overcome these sampling bottlenecks, we imple-
ment Hamiltonian Monte Carlo (HMC) utilizing the No-
U-Turn Sampler (NUTS). HMC translates the continuous
probability density into a physical phase space by augment-
ing the position coordinates ` with continuous auxiliary
momentum variables p ∼ N (0, Mmass). The total energy of
the physical system is governed by the Hamiltonian function
H(`, p):

H(`, p) = U(`) + K(p) = − log p(` | Y) +
1
2

pTM−1
massp, (38)

where U(`) represents the potential energy defined by the
negative log-posterior, and K(p) is the kinetic energy gov-
erned by metric mass matrix Mmass.

The temporal trajectory of the state vector through
continuous phase space is dictated by Hamilton’s equations
of motion:

d`
dt

= +
@H
@p

= M−1
massp, (39)

dp
dt

= −@H
@`

= −∇`U(`) = ∇` log p(` | Y). (40)

Because the vector field preserves phase space volume (Li-
ouville’s theorem) and total energy along exact trajectories,
proposed states can traverse vast distances across the parame-
ter landscape while maintaining high transition acceptance
probabilities.

In practical numerical implementations, Hamilton’s equa-
tions are integrated discretely using the symplectic leapfrog
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integrator with step size ffl:

p
(︃

t +
ffl

2

)︃
= p(t)− ffl

2
∇U(`(t)), (41)

`(t + ffl) = `(t) + fflM−1
massp

(︃
t +

ffl

2

)︃
, (42)

p(t + ffl) = p
(︃

t +
ffl

2

)︃
− ffl

2
∇U(`(t + ffl)). (43)

The gradient∇`U(`) is evaluated analytically using forward-
mode algorithmic automatic differentiation of the matrix
exponential biokinetic system, avoiding numerical finite-
difference errors. The No-U-Turn Sampler dynamically
determines the optimal trajectory length L during inte-
gration by recursively building a binary tree of leapfrog
steps, terminating integration precisely when the simulated
particle begins to double back on itself:

d
dt

|0`+ − `−|02 < 0, (44)

where `+ and `− denote the forward and backward extrem-
ities of the simulated trajectory, eliminating manual tuning
of step counts.

4.2 ConvergenceDiagnostics andCredibleDose Intervals
To ensure rigorous convergence of posterior sampling chains,
we execute four parallel independent Markov chains initial-
ized from dispersed over-dispersed starting points. Conver-
gence is audited using the Gelman-Rubin potential scale
reduction factor R̂:

R̂ =

√︄
Wvar + 1

Sc
(Bvar −Wvar)
Wvar

, (45)

where Wvar denotes the within-chain variance, Bvar is the
between-chain variance, and Sc is the number of retained
post-warmup iterations. We mandate R̂ < 1.01 across all
kinetic parameters as an essential convergence criterion.

Additionally, the Effective Sample Size (ESS), account-
ing for autocorrelation within chains, is calculated:

ESS =
Ntotal

1 + 2
∑︁∞

k=1 æk
, (46)

where æk is the autocorrelation at lag k. We enforce ESS >
1500 across all model parameters.

For each posterior draw `(s) (s = 1, . . . , Spost), the time-
integrated activity vector Ã(s) is calculated via Eq. (21), and
the corresponding target organ absorbed dose D̄(s)(rT ) is
obtained through Eq. (11). This procedure transforms the
parameter posterior distribution directly into a posterior
probability density over absorbed dose p(D̄(rT ) | Y). From
this distribution, we extract the posterior median dose D̄med
and the 95 % Highest Posterior Density (HPD) credible
interval [D95

low, D95
high], providing clinicians with rigorous

bounds on potential toxicity risks.

4.3 Variational Inference and Real-Time Analytical Ap-
proximations
While Hamiltonian Monte Carlo and the No-U-Turn Sam-
pler provide asymptotic convergence to the exact joint pos-
terior distribution, the iterative evaluation of leapfrog tra-
jectories across multiple chains incurs computational over-
head that scales with the number of patient evaluations. In
emergency triage, intensive outpatient consultation clinics,
or intra-operative treatment planning, medical physicists
benefit from near-instantaneous dosimetric feedback. To
provide an ultrafast computational alternative to sampling-
based Markov chain methods, we formulate an Automatic
Differentiation Variational Inference (ADVI) framework
that approximates posterior densities through deterministic
optimization [20; 21].

Variational inference reframes the intractable Bayesian
posterior integration problem into an optimization task. Let
q(`;Œ) denote a family of tractable continuous probability
densities parameterized by variational parameters Œ. The
objective is to identify the optimal parameter configuration
Œ∗ that minimizes the Kullback-Leibler (KL) divergence
from the variational proxy q(`;Œ) to the true intractable
posterior p(` | Y):

KL (q(`;Œ) |0 p(` | Y)) =
∫︂

q(`;Œ) log
(︃

q(`;Œ)
p(` | Y)

)︃
d`.

(47)
Because the denominator p(` | Y) = p(Y, `)/p(Y) con-

tains the intractable marginal evidence p(Y), direct min-
imization of the KL divergence is impossible. However,
applying Bayes’ theorem allows the KL divergence to be
rewritten as:

KL (q(`;Œ) |0 p(` | Y)) = log p(Y)− ELBO(Œ), (48)

where ELBO(Œ) represents the Evidence Lower Bound:

ELBO(Œ) = Eq(`;Œ)
[︁
log p(Y, `)

]︁
−Eq(`;Œ)

[︁
log q(`;Œ)

]︁
.

(49)
Because the marginal evidence log p(Y) is constant with
respect to Œ and the KL divergence is non-negative, max-
imizing the ELBO is mathematically equivalent to mini-
mizing the KL divergence, driving q(`;Œ) toward the true
posterior distribution.

To apply ADVI across arbitrary physical parameter do-
mains with positive support constraints (kij > 0), we map
the constrained parameters ` ∈ RD

+ to unconstrained real
coordinates ı ∈ RD using bijective logarithmic transforma-
tions:

ıd = Td(`d) = log(`d), `d = T −1
d (ıd) = exp(ıd). (50)

The joint density in transformed space incorporates the
Jacobian determinant of the inverse transformation:

p(Y, ı) = p
(︂

Y, T −1(ı)
)︂
·
⃓⃓
det JT −1 (ı)

⃓⃓
= p (Y, exp(ı))

D∏︂
d=1

exp(ıd).

(51)
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Table 3. Sampling Performance, MCMC Convergence Diagnostics, and Execution Times Across Sampling Algorithms (N = 4
Independent Chains, 2,000 Post-Warmup Iterations).

Inference Algorithm / Sampler Max R̂ Diagnostic Minimum ESS (Bulk) Transition Acceptance Rate Divergent Transitions Compute Time per Patient [s]

RandomWalk Metropolis-Hastings (RWMH) 1.28± 0.12 142± 38 0.234± 0.042 N/A 4.8± 0.6

Metropolis-within-Gibbs (MwG) 1.14± 0.08 385± 65 0.345± 0.038 N/A 12.4± 1.5

Standard Hamiltonian Monte Carlo (HMC) 1.02± 0.01 1420± 180 0.785± 0.045 8.4± 3.2 24.2± 2.8

No-U-Turn Sampler (NUTS, CPU 8-Core) 1.004± 0.002 2850± 240 0.884± 0.024 0.0± 0.0 38.5± 3.4
No-U-Turn Sampler (NUTS, GPU CUDA) 1.003± 0.002 2890± 225 0.888± 0.022 0.0± 0.0 14.2± 1.2

In the unconstrained space, we evaluate both mean-
field Gaussian variational approximations (assuming factor-
ized independent coordinates: q(ı) =

∏︁
d N (¯d ,œ2

d)) and
full-rank Gaussian approximations (q(ı) = N (¯, ˚)) where
˚ = LLT is parameterized via Cholesky factor L. The expec-
tation terms in the ELBO are approximated using Monte
Carlo draws via the reparameterization trick:

ı(s) = ¯ + Lffl(s), ffl(s) ∼ N (0, I), (52)

which permits unbiased stochastic gradient ascent via Adam
optimization with automated step-size decay.

Across our evaluation cohorts, full-rank ADVI con-
verges in under 1.2 s on standard desktop processors. While
mean-field ADVI tends to slightly underestimate posterior
variance due to neglecting off-diagonal parameter covari-
ances (producing 95 % credible interval coverage of 88.4 %),
full-rank ADVI accurately recovers posterior correlations,
achieving a credible coverage probability of 93.1 % with
point dose estimates matching full NUTS sampling within
1.8 %. This establishes full-rank ADVI as an exceptional
computational engine for real-time interactive clinical treat-
ment planning.

5. Empirical Evaluation Under Sparse Sampling
To rigorously assess the clinical accuracy and mathematical
stability of the Bayesian hierarchical framework under con-
strained imaging protocols, we execute extensive validation
experiments across both synthetic pharmacokinetic datasets
with known analytical ground truth and authentic clinical
cohort records from patients undergoing systemic targeted
radionuclide therapy.

5.1 Clinical Dataset Cohorts and Synthetic Pharmacoki-
netic Generation
The empirical evaluation utilizes two complementary co-
horts:

1. Clinical Reference Cohort (N = 120 Treatment Cy-
cles): Comprising 60 treatment cycles of [177Lu]Lu-DOTA-TATE
administered to patients with advanced gastrointesti-
nal neuroendocrine tumors, and 60 treatment cycles
of [177Lu]Lu-PSMA-617 administered to patients with
metastatic castration-resistant prostate cancer. Each
patient underwent our comprehensive five-timepoint
quantitative SPECT/CT imaging protocol recorded at
t ∈ {4, 24, 48, 96, 168} h post-infusion. Organ volumes

of interest (VOIs) encompassing the renal parenchyma,
liver, spleen, and representative lumbar vertebrae were
segmented semi-automatically on coregistered low-dose
CT slices, with partial-volume corrections applied via re-
covery coefficients determined on an anthropomorphic
NEMA IEC body phantom. Time-integrated activities
computed from these five dense serial measurements via
multi-exponential trapezoidal integration serve as the
clinical gold standard.

2. Synthetic Patient Cohort (N = 1000 Virtual Pa-
tients): Generated by sampling biokinetic rate constants
from the physiological population log-normal prior
distributions with inter-individual variability (CV =
35 %). For each virtual patient, continuous organ activ-
ity curves were evaluated via Eq. (20), followed by the
injection of realistic heteroscedastic noise (ffirel = 8 %,
œbase = 5 MBq) to simulate realistic SPECT/CT camera
acquisition conditions.

5.2 Definition of Sparse Clinical Sampling Protocols
We evaluate four distinct clinical imaging protocols repre-
senting varying degrees of clinical sparsity:

• Protocol S1 (Single-Timepoint Imaging): Acqui-
sition of a single quantitative SPECT/CT scan at t =
24 h post-injection. This protocol represents the abso-
lute minimum imaging burden, often favored in high-
throughput outpatient centers.

• Protocol S2 (Two-Timepoint Optimized Sched-
ule): Acquisition of two sequential SPECT/CT scans
at t = 24 h and t = 96 h post-injection. The early time-
point captures peak organ uptake and rapid distribution
kinetics, while the late timepoint anchors the terminal
elimination half-life.

• Protocol S2-Alt (Alternative Two-Timepoint Sched-
ule): Acquisition of two scans at t = 4 h and t = 48 h
post-injection, representing an inpatient-focused proto-
col where imaging is completed within the initial two
days of hospitalization.

• Protocol S3 (Three-Timepoint Clinical Schedule):
Acquisition of three scans at t = 4 h, t = 24 h, and t = 96 h
post-injection, providing intermediate kinetic sampling
without requiring late-week patient visits.

• Protocol S5 (Five-Timepoint Full Reference): Dense
acquisition at t ∈ {4, 24, 48, 96, 168} h, serving as the
gold-standard benchmark.
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5.3 Dosimetric Performance and Absolute Percentage
Error Metrics
For each evaluation cycle and each sampling protocol, we
quantify dosimetric estimation accuracy relative to the gold-
standard reference using the Absolute Percentage Error
(APE):

APEj(rT ) =

⃓⃓⃓
D̄est,j(rT )− D̄ref ,j(rT )

⃓⃓⃓
D̄ref ,j(rT )

× 100%, (53)

along with the Root Mean Square Error (RMSE) and the
empirical coverage probability of the 95 % Highest Poste-
rior Density credible intervals:

Coverage95 =
1
N

N∑︂
j=1

I
(︂

D̄ref ,j ∈ [D95
low,j, D95

high,j]
)︂

. (54)

Our empirical findings demonstrate a dramatic diver-
gence in performance between deterministic curve fitting
and the Bayesian hierarchical formulation under sparse
data regimes. When applied to Protocol S1 (single scan
at 24 h), standard deterministic mono-exponential fitting
assumes a universal population biological clearance half-life
(T1/2,bio ≈ 60 h for renal tissue). For patients whose true bi-
ological clearance is accelerated (T1/2,bio < 35 h) or severely
delayed (T1/2,bio > 120 h due to subclinical nephropathy),
this fixed-slope assumption results in catastrophic errors,
with mean renal APE reaching (34.8 ± 18.2) % and maxi-
mum individual errors exceeding 88 %.

In stark contrast, when the Bayesian hierarchical frame-
work is applied to Protocol S1, the informative popula-
tion prior regularizes the estimate while allowing the ob-
served 24 h activity level to update the estimated distribu-
tion volume and clearance rate. As a result, the mean renal
APE is curtailed to (14.2 ± 6.8) %. Pivotally, the Bayesian
posterior output does not merely yield a point estimate;
it generates an appropriately wide 95 % credible interval
([1.8 Gy, 4.2 Gy]) that transparently reflects the inherent
ambiguity of single-point sampling, successfully enclosing
the true gold-standard dose in 96.2 % of patient cycles.

Moving to Protocol S2 (two timepoints at 24 h and 96 h),
the addition of the late timepoint completely transforms
estimation precision. In unconstrained deterministic bi-
exponential fitting, attempting to fit four mathematical pa-
rameters (C1, ˘1, C2, ˘2) to only two data points represents
an underdetermined system that produces complete mathe-
matical divergence unless ad hoc constraints are manually
imposed. Even when constrained to a mono-exponential
model, deterministic fitting yields a mean renal APE of
(18.4 ± 9.1) %.

Under our Bayesian hierarchical framework, Protocol
S2 achieves outstanding accuracy. The two data points sup-
ply sufficient empirical leverage to update both the initial
organ uptake magnitude and the patient-specific terminal
clearance slope away from the population prior. Across the
120 clinical treatment cycles, the median renal absorbed

dose APE drops to 5.8 % (mean (6.4 ± 3.2) %), while the
median red marrow dose APE drops to 6.1 %. The 95th
percentile error remains below 12.4 %, demonstrating that
severe outlier errors are completely suppressed. Further-
more, the empirical coverage probability of the 95 % credi-
ble interval reaches 95.0 %, validating that the model neither
overestimates its precision nor produces spuriously narrow
credible bounds.

Evaluating the alternative two-timepoint protocol, Pro-
tocol S2-Alt (4 h and 48 h), reveals an important kinetic in-
sight: while S2-Alt captures early distribution and excretion
with high fidelity, truncating imaging at 48 h fails to ob-
serve the slow terminal elimination phase of [177Lu]Lu-DOTA-TATE
(T1/2,eff ≈ 70 to 90 h). Consequently, the mean renal APE
for S2-Alt increases to (11.2 ± 5.4) %. This demonstrates
that optimal sparse sampling requires temporal spacing that
spans at least one effective half-life of the radiopharmaceuti-
cal, establishing the 24 h and 96 h combination as the pre-
ferred clinical standard.

Finally, Protocol S3 (three timepoints at 4 h, 24 h, and
96 h) provides marginal additional precision over Proto-
col S2, reducing mean renal APE from 6.4 % down to
(4.8 ± 2.1) %. While Protocol S3 represents an ideal proto-
col for academic clinical trials, the modest 1.6 % improve-
ment in dose accuracy rarely justifies the logistical bur-
den of an extra scanning session in routine outpatient prac-
tice. Therefore, Protocol S2 emerges as the optimal Pareto-
efficient compromise between clinical practicality and dosi-
metric precision.

5.4 Systemic Tumor Sink Dynamics and Receptor Seques-
tration
A vital physiological phenomenon governing the phar-
macokinetics of targeted radiopharmaceuticals is the sys-
temic “tumor sink” effect, wherein large volumes of avidly
receptor-expressing tumor metastases sequester a substan-
tial proportion of circulating radioligand molecules [7; 9].
In patients presenting with high tumor burdens—such as
extensive diffuse hepatic metastases in neuroendocrine tu-
mors expressing somatostatin receptor subtype 2 (SSTR2),
or disseminated skeletal metastases in castration-resistant
prostate cancer expressing PSMA—the aggregate tumor
mass acts as a competitive biological sponge.

As the radiopharmaceutical circulates through the vas-
cular system, high-affinity binding to tumor cell-surface
receptors (Kd ≈ 0.1 to 1.5 nmol L−1) rapidly removes ac-
tive targeting vectors from the blood pool. This accelerated
extraction markedly steepens the initial plasma clearance
curve, reducing the circulating area under the plasma time-
activity curve (AUCplasma). Because renal tubular filtra-
tion and parenchymal uptake depend directly on the time-
integrated plasma activity concentration delivered via the
renal arteries (Jin(t) = RPF · Cplasma(t), where RPF is renal
plasma flow), the presence of a massive tumor sink paradox-
ically shields normal organs at risk from radiation exposure.
In our clinical neuroendocrine tumor cohort, patients with
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Figure 3. Representative [177Lu]Lu-DOTA-TATE renal time-activity retention curve estimated via the Bayesian hierarchical framework
using Protocol S2 (only two SPECT/CT measurements at t = 24 h and 96 h). Shaded bands delineate the 68% and 95% highest posterior
density credible intervals. Unobserved validation scans at 4 h, 48 h, and 168 h align closely with the Bayesian posterior median, confirming
high predictive fidelity.

heavy hepatic tumor involvement (Vtumor > 500 cm3) exhib-
ited renal absorbed doses that were on average 32.5 % lower
per gigabecquerel of administered activity than patients
with minimal macroscopic disease (Vtumor < 50 cm3).

However, this protective tumor sink effect introduces
a dynamic, cycle-dependent clinical hazard across multi-
cycle therapy regimens. Following successful initial ther-
apeutic cycles, effective radioligand-mediated tumor de-
struction induces progressive necrosis, apoptosis, and vol-
umetric lesion shrinkage. As the viable receptor-positive
tumor burden diminishes, the capacity of the tumor sink de-
clines. Consequently, for identical administered activities of
[177Lu]Lu-DOTA-TATE in subsequent treatment cycles,
circulating plasma clearance decelerates, prolonging blood
retention and substantially elevating radiation delivery to
normal organs at risk. In our longitudinal cohort, patients
who achieved partial tumor remissions exhibited a median
increase in renal absorbed dose of 24.8 % between Cycle 1
and Cycle 4 despite receiving identical nominal activities of
7.4 GBq.

Standard empirical dosimetry protocols that rely on
static baseline pharmacokinetic models fail to anticipate this
intra-patient kinetic shift, potentially administering toxic
radiation doses in late treatment cycles when renal clear-
ance appears falsely benign from Cycle 1 calculations. Our
Bayesian hierarchical formulation addresses this challenge
by incorporating a dynamic tumor compartment into the
multi-compartmental model:

dXtum(t)
dt

= k1tX1(t)−
(︂

kt1 + ˘phys

)︂
Xtum(t), (55)

k1t = k1t,0 ·

(︄
V (k)

tum

V (1)
tum

)︄fi

sink

, (56)

where V (k)
tum is the total functional tumor volume measured

on pre-cycle diagnostic PET/CT or post-therapy SPECT/CT

at cycle k, and fisink is a physiological scaling exponent.
Through updating the patient’s individual posterior rate
constants at each successive treatment cycle, the Bayesian
framework dynamically adjusts subsequent activity prescrip-
tions, preventing late-cycle nephrotoxicity while maximiz-
ing cumulative tumor radiation ablation.

6. Sensitivity to Organ Geometry and Prior Distribu-
tions
The operational robustness of Bayesian internal dosimetry
depends critically on two key structural factors: the pa-
rameterization of the population prior distributions and the
anatomical modeling of target organ geometries. We con-
duct extensive sensitivity analyses to examine how misspec-
ified priors or variations in organ mass influence posterior
dose predictions.

6.1 Influence of Prior Variance and Hyperparameter Per-
turbations
A primary concern in clinical Bayesian inference is the po-
tential for strong population priors to exert excessive shrink-
age, thereby masking genuine physiological abnormalities
in outlier patients—such as individuals with severe renal
insufficiency who exhibit exceptionally slow clearance rates.
To test the model’s resilience against over-shrinkage, we
systematically perturb the population hyperprior parame-
ters.

We evaluate three distinct prior variance regimes:

1. Narrow Informative Prior (CV = 15 %): Simulating
a restrictive prior that heavily penalizes deviation from
median population clearance rates;

2. Baseline Physiological Prior (CV = 35 %): Our stan-
dard calibrated prior reflecting the true observed inter-
patient pharmacokinetic variance in clinical trials;

3. Diffusive Weakly Informative Prior (CV = 100 %):
Simulating an uninformative prior that provides mini-
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Table 4. Organ-Level Absorbed Dose Estimation Accuracy Across Clinical Sampling Schedules Evaluated on the Clinical Reference
Cohort (N = 120 Treatment Cycles).

Imaging Protocol Evaluation Organ Mean APE [%] Median APE [%] 95th Percentile APE [%] RMSE [Gy] 95% Credible Coverage [%]

S1 (Single Scan, 24 h) Renal Parenchyma 14.2± 6.8 12.4 28.5 0.48± 0.12 96.2

Active Red Marrow 16.8± 8.2 14.5 32.4 0.09± 0.03 95.5

S2-Alt (Two Scans, 4 h + 48 h) Renal Parenchyma 11.2± 5.4 9.8 22.1 0.38± 0.09 94.8

Active Red Marrow 12.5± 6.1 10.9 24.8 0.07± 0.02 94.2

S2 (Two Scans, 24 h + 96 h) Renal Parenchyma 6.4± 3.2 5.8 12.4 0.21± 0.05 95.0
Active Red Marrow 6.9± 3.5 6.1 13.8 0.04± 0.01 94.4

S3 (Three Scans, 4 h + 24 h + 96 h) Renal Parenchyma 4.8± 2.1 4.2 9.2 0.15± 0.04 95.2

Active Red Marrow 5.2± 2.4 4.6 10.1 0.03± 0.01 94.8

S5 (Full Reference, 5 Timepoints) Renal Parenchyma 1.8± 0.8 1.5 3.4 0.06± 0.02 95.8

Active Red Marrow 2.1± 0.9 1.8 3.9 0.01± 0.00 95.2

mal regularization, allowing observed data to dominate
the posterior.

When applied to normal patients exhibiting typical
kinetics, varying the prior variance from CV = 15 % to
CV = 100 % under Protocol S2 (24 h + 96 h) alters the me-
dian posterior renal dose by less than 2.2 %, confirming
that the two temporal data points provide sufficient Fisher
information to dominate the likelihood and override minor
variations in prior width.

Pivotally, in simulated outlier patients presenting with
severe renal impairment (clearance rate constants reduced
to 25% of population median values, corresponding to
T1/2,bio > 160 h), the diffusive prior (CV = 100 %) tracks
the abnormal kinetics with high fidelity (APE = 5.2 %).
Under our baseline physiological prior (CV = 35 %), the
posterior undergoes mild shrinkage toward the population
mean, yielding a slightly higher APE of 8.4 %, but still cor-
rectly diagnosing the abnormal exposure and issuing an
elevated dose warning. In contrast, under the narrow prior
(CV = 15 %), shrinkage is excessive (APE = 22.6 %). This
confirms that setting the prior variance to match the empir-
ical biological variance (CV ≈ 35 %) provides the optimal
mathematical balance between regularizing noisy scans and
accommodating genuine physiological pathology.

6.2 OrganMassUncertaintyandReferencePhantomScal-
ing
Under the standard MIRD equation (Eq. (11)), target or-
gan absorbed dose scales inversely with organ mass M(rT ).
In conventional nuclear medicine practice, clinicians fre-
quently rely on standardized anthropomorphic phantoms
(such as the ICRP 110 reference adult male and female phan-
toms, which assign fixed kidney masses of 299 g and 275 g,
respectively) when computing S-factors. However, in au-
thentic oncology cohorts, organ volumes vary widely due to
age, body mass index, prior nephrectomy, hydronephrosis,
or tumor hypertrophy.

In our clinical validation cohort (N = 120), individual
patient renal masses segmented from diagnostic CT ranged
from 142 g to 486 g, exhibiting a coefficient of variation
of 28.4 %. If a fixed reference phantom mass is substituted
for the patient-specific CT-segmented mass, the calculated

absorbed dose suffers a systematic proportional error:

∆D̄geom = D̄ref

(︄
Mphantom −Mpatient

Mpatient

)︄
. (57)

For a patient with solitary functional renal hypertrophy
(Mpatient = 380 g), using the standard male reference phan-
tom (Mphantom = 299 g) overestimates the absorbed dose by
27.1 %, potentially leading to unjustified therapy termina-
tion or dose reduction. Conversely, in an elderly female
patient with renal parenchymal atrophy (Mpatient = 165 g),
the reference phantom underestimates the true absorbed
dose by 40.0 %, exposing the vulnerable organ to unmoni-
tored toxic radiation overdose.

To eliminate this geometric bias, our framework di-
rectly incorporates patient-specific organ segmentation into
the Bayesian hierarchy. The target organ mass M(rT ) is
treated as an observed quantity with measurement uncer-
tainty:

Mobs(rT ) ∼ N
(︂

Mtrue(rT ),œ2
M

)︂
, (58)

where œM ≈ 5 % reflects inter-observer segmentation vari-
ability on coregistered CT. The specific absorbed fractions
Φi(rT ← rS) are rescaled dynamically:

Φi(rT ← rS ; Mpatient) = Φi(rT ← rS ; Mref )·

(︄
Mref (rT )

Mpatient(rT )

)︄
,

(59)
propagating segmentation uncertainty into the final poste-
rior dose distribution. Coupling patient-specific CT seg-
mentation with Bayesian kinetic inference eliminates geo-
metric scaling biases and guarantees high internal dosimet-
ric fidelity across diverse patient anatomies.

6.3 HematopoieticRedBoneMarrowDosimetryandBlood
Clearance Coupling
While the renal parenchyma represents the principal dose-
limiting organ in targeted radioligand therapies, the ac-
tive hematopoietic red bone marrow serves as a critical
co-limiting organ at risk, particularly in heavily pre-treated
oncology patients who have undergone prior myelosuppres-
sive chemotherapy or external beam radiation [3; 4]. Severe
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Figure 4. Comparison of mean Absolute Percentage Error (APE) across varying clinical sampling protocols for renal parenchyma and
red bone marrow absorbed dose estimation. Protocol S2 (24 h + 96 h) curtails mean estimation error to 6.4% in kidneys and 6.9% in red
marrow, dramatically outperforming single-time-point sampling (S1) and inpatient-truncated schedules (S2-Alt).

treatment-emergent cytopenias, predominantly Grade 3–4
thrombocytopenia and neutropenia, occur in 10 % to 15 %
of [177Lu]Lu-PSMA-617 cycles and frequently force treat-
ment delays or activity de-escalations.

Accurate internal dosimetry of red bone marrow under
sparse sampling schedules presents unique physiological and
imaging challenges. Due to the complex, distributed tra-
becular anatomy of the axial skeleton, directly resolving red
marrow activity concentrations from clinical SPECT/CT
is complicated by intense surrounding skeletal uptake in
osteoblastic bone metastases, as well as spatial resolution
limits in thin cortical bones (ribs, sternum, clavicles). Stan-
dard clinical practice therefore calculates the total absorbed
dose delivered to red bone marrow (D̄rm) through a com-
posite model combining blood-based surrogate sampling
and quantitative lumbar spine SPECT:

D̄rm = ÃbloodS(rm← blood)+ÃboneS(rm← bone)+
∑︂

rS ̸=bone,blood
Ã(rS)S(rm← rS),

(60)
where Ãblood is the cumulative activity contained in the total
circulating blood volume (Vblood ≈ 5.0 L), and the blood-to-
marrow S-factor is derived from the marrow extracellular
fluid volume fraction:

S(rm← blood) =
∆np ·

(︂
ECFrm
Vblood

)︂
Mrm

, (61)

with active adult red marrow mass Mrm ≈ 1.5 kg and extra-
cellular fluid fraction ECFrm ≈ 0.19.

To evaluate blood clearance without requiring frequent
venipunctures, our Bayesian framework couples the central
blood plasma compartment X1(t) directly to serial venous
activity samples acquired at the time of the two SPECT/CT
imaging sessions (t = 24 h and 96 h), augmented by a sin-
gle early blood sample drawn at 1 h post-infusion before
outpatient discharge.

In our clinical evaluation cohort, this three-sample blood-
clearance model demonstrated remarkable agreement with
dense twelve-timepoint venipuncture gold standards, achiev-
ing a mean residence time error of only (5.4 ± 2.8) % across
circulating blood. When combined with quantitative SPECT
evaluation of the lumbar vertebral bodies (L2–L4) to capture
bone-surface cross-fire radiation, the Bayesian framework
estimated total red bone marrow absorbed doses with a
mean absolute error of (6.9 ± 3.5) % (median 6.1 %). Piv-
otally, in patients exhibiting delayed blood clearance due to
subclinical bone marrow involvement, the Bayesian poste-
rior correctly identified elevated cumulative marrow doses
(> 1.8 Gy), providing clinical oncologists with timely warn-
ings to adjust cycle intervals and prevent irreversible hematopoi-
etic stem cell exhaustion.

7. Discussion and Clinical Decision Support Implemen-
tation
The overarching objective of internal radiation dosimetry
in nuclear oncology is not merely retrospective documenta-
tion of absorbed radiation dose, but active, real-time clinical
decision support to guide individualized patient manage-
ment. through enabling accurate dose estimation from only
two post-injection SPECT/CT scans, the Bayesian hierar-
chical methodology overcomes the operational bottlenecks
that have historically confined personalized dosimetry to
specialized research trials.

7.1 Adaptive Cycle-by-Cycle Activity Personalization
Currently, targeted radionuclide therapy protocols follow
an empirical one-size-fits-all paradigm, administering iden-
tical nominal activities (e.g., four sequential cycles of 7.4 GBq
of [177Lu]Lu-DOTA-TATE administered every eight weeks).
Under this fixed regimen, clinical studies demonstrate that
cumulative renal absorbed doses vary widely among pa-
tients, ranging from 9 Gy to 38 Gy after four cycles. Ap-
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proximately 70 % of treated patients complete their four
planned cycles having received cumulative renal doses far
below the established conservative safety threshold of 23 Gy
(or 28 Gy in patients without baseline renal risk factors).
These patients could safely tolerate additional therapeutic cy-
cles or escalated administered activities, potentially achiev-
ing deeper tumor responses and extended progression-free
survival. Conversely, approximately 15 % of patients exceed
safe renal dose limits prior to completing their fourth cycle,
facing elevated risks of late-onset radiation nephropathy
and renal failure.

Our Bayesian framework provides the mathematical
engine for dynamic, cycle-by-cycle adaptive therapy re-
planning. Following Cycle 1, a two-timepoint SPECT/CT
scan (at 24 h and 96 h) is acquired. The Bayesian solver
evaluates the posterior probability distribution of the cycle

1 renal absorbed dose D̄(1)
kidney. For subsequent treatment cy-

cles (k = 2, 3, . . . ), the cycle 1 posterior distribution serves
as an individualized informative empirical prior, further
refining kinetic estimates with even greater statistical confi-
dence.

Using this sequential Bayesian updating, the cumulative
absorbed dose delivered through cycle k is projected:

D(k)
cum =

k∑︂
c=1

D̄(c)
OAR, (62)

and the optimal activity A(k+1)
0 for the forthcoming cycle is

calculated to maximize tumor delivery while strictly con-
straining cumulative OAR exposure:

A(k+1)
0 = min

⎛⎝Amax,
Dtolerance −D(k)

cum

d(k)
OAR,norm

⎞⎠ , (63)

where d(k)
OAR,norm [Gy GBq−1] is the normalized dose per

unit administered activity inferred from previous cycles,
and Amax is an upper activity cap to prevent acute hemato-
logical toxicity. In simulated adaptive trials, this Bayesian
replanning strategy enabled safe activity escalation in 68%
of patients, increasing mean tumor cumulative absorbed
dose by 34 % without a single patient exceeding the 23 Gy
renal safety threshold.

7.2 Translational Clinical Workflow and Algorithmic In-
tegration
To achieve widespread clinical adoption, Bayesian dosime-
try algorithms must integrate smoothly with existing hos-
pital picture archiving and communication systems (PACS)
and commercial nuclear medicine workstations. Standard
MCMC samplers requiring hours of high-performance clus-
ter computing are ill-suited for real-time outpatient clinics,
where dosimetric assessments must be available to attending
physicians before the patient’s next scheduled consultation.

Our implementation addresses this latency requirement
through three algorithmic innovations:

1. C++ and GPU Acceleration of Hamiltonian Dy-
namics: The numerical leapfrog integrator and auto-
matic differentiation gradient routines are compiled as
optimized CUDA kernels executing on standard hospi-
tal desktop workstations equipped with consumer-grade
GPUs (e.g., NVIDIA RTX 4090). Sampling four par-
allel chains of 2,000 iterations executes in under 18 s,
providing instantaneous dosimetric feedback.

2. Automated DICOM Ingestion and Segmentation:
The software pipeline parses standard DICOM header
metadata (radiopharmaceutical identity, calibration time,
administered activity, camera sensitivity coefficients)
directly from reconstructed SPECT/CT series. Deep
learning convolutional neural networks (such as 3D
nnU-Net architectures) automatically segment the re-
nal parenchyma and liver on the CT attenuation map,
eliminating manual contouring labor.

3. Automated Structured Reporting: Following MCMC
completion, the platform generates a standardized PDF
dosimetric report detailing the posterior median dose,
the 95 % credible interval, organ residence times, and
projected cumulative toxicity curves, adhering to the
latest EANM and AAPM reporting guidelines.

7.3 Comparison with Machine Learning and Deep Surro-
gate Approaches
Recently, deep neural network surrogates and direct end-
to-end voxel dose regressors have been proposed for single-
time-point dosimetry. While deep learning models offer
sub-second inference speeds, they suffer from two major
clinical vulnerabilities: they act as uninterpretable black
boxes whose failure modes in rare patient phenotypes are
unpredictable, and they typically lack mathematically sound,
calibrated uncertainty quantification.

In contrast, the Bayesian hierarchical formulation com-
bines the exact physical laws of radioactive decay and com-
partmental mass conservation with rigorous probabilistic in-
ference. Every parameter in our model possesses a concrete
physiological meaning (e.g., glomerular filtration clearance
rate, cellular reabsorption fraction), enabling clinicians to in-
spect and validate the biological plausibility of the inferred
kinetic state. Furthermore, when observational data are
corrupted by patient motion or camera miscalibration, the
Bayesian posterior expands its credible interval gracefully,
signaling elevated uncertainty to the clinical team rather
than generating dangerously confident erroneous predic-
tions. Coupling physiological biokinetics with Bayesian in-
ference thus represents the gold standard for safety-critical
medical decision support.

7.4 Multi-Radionuclide Theranostic Cocktails and Auger
Electron Synergy
An exciting frontier in molecular radiotheranostics is the
therapeutic deployment of multi-isotope cocktails that com-
bine medium-range beta emitters with high linear energy
transfer (LET) alpha emitters or dense Auger electron cas-
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cades. For example, co-administering [177Lu]Lu-PSMA-617
alongside [225Ac]Ac-PSMA-617 (termed tandem alpha-beta
therapy) has demonstrated remarkable clinical response rates
in patients who have developed cross-resistance to pure
beta-emitting agents. In these dual-isotope regimens, the
medium-range beta electrons from lutetium-177 provide
broad macroscopic cross-fire coverage capable of sterilizing
bulky tumor masses, while the dense, short-range alpha
tracks from actinium-225 eradicate single disseminated tu-
mor cells and micrometastases.

However, managing normal organ toxicity under tan-
dem radionuclide administration is mathematically complex,
as each isotope possesses distinct biological clearance path-
ways, physical half-lives (T1/2 = 6.65 d for 177Lu versus
9.92 d for 225Ac), and target organ toxicity profiles (renal
and hematological toxicity for beta emitters versus irre-
versible salivary gland xerostomia and microvascular renal
toxicity for alpha emitters). Furthermore, measuring dual-
isotope kinetics in vivo is technically challenging due to
down-scatter cross-talk between overlapping gamma emis-
sions.

Our Bayesian hierarchical framework accommodates
multi-radionuclide kinetics by formulating coupled parallel
state-space equations:

dXiso(t)
dt

= KisoXiso(t)−˘phys,isoXiso(t), iso ∈ {177Lu,225 Ac},

(64)
linked by shared physiological organ volumes and renal
clearance parameters. Using sparse quantitative imaging of
the dominant [177Lu] emission photopeaks, the Bayesian
solver simultaneously infers the unobserved pharmacoki-
netic trajectory of the co-administered [225Ac] vector through
joint physiological scaling priors. This enables clinicians to
optimize the administered activity ratio dynamically, maxi-
mizing biological tumor ablation while maintaining both
renal BED and salivary gland alpha-particle microdosimet-
ric thresholds within safe, tolerable clinical boundaries.

7.5 InSilicoClinical Trial SimulationandRegulatoryTrans-
lation
To establish the statistical power and clinical efficacy gains
achievable through Bayesian adaptive dosimetry, we con-
duct large-scale in silico clinical trial simulations modeled on
the patient populations of landmark phase III trials, specif-
ically the NETTER-1 trial in midgut neuroendocrine tu-
mors and the VISION trial in metastatic castration-resistant
prostate cancer [1; 2].

We simulated a randomized, two-arm clinical trial com-
prising 500 virtual oncology patients followed across four
treatment cycles:

• Control Arm (Fixed-Activity Dosing, N = 250):
Patients received standard empiric dosing consisting
of four cycles of 7.4 GBq of [177Lu]Lu-DOTA-TATE
administered at fixed eight-week intervals, representing
standard international clinical practice.

• Experimental Arm (Bayesian Adaptive Dosing, N =
250): Following Cycle 1, patients underwent a sparse
two-timepoint SPECT/CT protocol at 24 h and 96 h.
The Bayesian hierarchical solver estimated individual
renal and red marrow absorbed doses, projecting cumu-
lative exposure across the treatment course. In subse-
quent cycles, administered activities were personalized
via Eq. (63) to deliver a cumulative renal dose target of
23 Gy (or a red marrow threshold of 2.0 Gy), capped at
a maximum single-cycle activity of 11.1 GBq.

In the Control Arm, fixed activity administration re-
sulted in marked under-treatment across the majority of
the cohort. At the completion of four cycles, median cumu-
lative renal dose reached only (16.8 ± 4.2) Gy, with 78.4 %
of patients receiving less than 20 Gy to their kidneys, leav-
ing substantial normal-tissue margin unutilized. Mean-
while, 11.2 % of control patients exceeded the 23 Gy renal
safety threshold, with 4.8 % developing simulated Grade
≥ 2 nephrotoxicity.

In the Experimental Arm, Bayesian adaptive activity
titration fundamentally shifted the therapeutic distribution.
Administered activities in subsequent cycles were success-
fully escalated in 72% of patients (median administered
activity across cycles 2–4: (9.2 ± 1.4) GBq) while being de-
escalated in 14% of vulnerable patients presenting with
impaired clearance. Consequently, median cumulative tu-
mor absorbed dose increased by 38.5 % (from 48.2 Gy in
the control arm to 66.8 Gy in the adaptive arm, p < 0.001).
Most importantly, zero patients in the adaptive arm ex-
ceeded the 23 Gy renal threshold, completely eliminating
severe radiation nephropathy.

Translating this computational framework into routine
clinical practice requires compliance with international reg-
ulatory standards for Software as a Medical Device (SaMD),
such as FDA 21 CFR Part 820, ISO 13485, and IEC 62304.
Our software architecture incorporates strict input bound-
ary validation, deterministic pseudo-random seed tracking
for reproducibility, and automated automated error flag-
ging. through demonstrating that sparse two-timepoint
imaging provides statistically indistinguishable dosimetric
safety margins compared to five-timepoint protocols, our
findings provide the regulatory and clinical evidence re-
quired to integrate personalized Bayesian dosimetry into
mainstream radiopharmaceutical care.

8. Concluding Synthesis
The clinical translation of personalized dosimetry in tar-
geted radionuclide therapy has long been impeded by the
impracticality and high patient burden associated with multi-
timepoint serial SPECT/CT imaging schedules. Conven-
tional deterministic curve fitting breaks down under sparse
data constraints, producing volatile parameter estimates and
unacceptable dosimetric errors that threaten patient safety.

In this investigation, we developed and validated a Bayesian
hierarchical biokinetic modeling framework designed specif-
ically for organ-level internal dose estimation under sparse
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clinical sampling schedules. through incorporating informa-
tive population priors calibrated on historical pharmacoki-
netic datasets into a coupled physiological multi-compartmental
model, our framework regularizes the parameter space
and precludes non-physical kinetic solutions. Benchmark-
ing against simulated and clinical cohorts receiving 177Lu-
DOTA-TATE and 177Lu-PSMA-617 demonstrated that
a two-timepoint imaging schedule recorded at 24 h and
96 h post-injection achieves median absorbed dose estima-
tion errors below 6.5 % across renal and red marrow target
tissues, with 95 % credible intervals containing the true
gold-standard dose in over 94 % of evaluated treatment
cycles.

Furthermore, our sensitivity analyses demonstrated that
while organ mass variations from standard reference phan-
toms induce systematic scaling biases, incorporating patient-
specific anatomical segmentation from low-dose CT main-
tains high internal dosimetric fidelity. The Bayesian hi-
erarchical framework resolves the long-standing clinical
dilemma between logistical imaging feasibility and dosi-
metric precision, establishing a practical, validated roadmap
for routine, individualized radiopharmaceutical dosing in
precision oncology.
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