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Abstract

Two-phase gas–liquid transport in wells, risers, and pipelines exhibits regime transitions that strongly modulate
pressure loss, holdup, and control-system observability. Modern sensing provides dense but heterogeneous streams
such as differential pressure, temperature, acoustic proxies, and occasional imaging, yet the governing dynamics
remain hybrid: continuous conservation laws coupled to discrete, history-dependent flow-pattern switching. This
paper develops a regime-conditioned, physics-constrained learning framework that treats the flow regime as a latent
stochastic field while preserving conservation and dissipation structure in the continuous states. We formulate a one-
dimensional two-fluid backbone with compressibility and inclination, augment it with regime-indexed closure operators
for interfacial and wall momentum exchange, and enforce asymptotic and energetic consistency through differentiable
inequality constraints. Inference is posed as variational hybrid smoothing, combining a PDE residual penalty with
a probabilistic observation model and a spatial–temporal prior over regime transitions. To reduce label dependence,
the regime posterior is learned jointly with closure operators via a relaxed discrete representation and an entropy-
regularized transition model. The resulting algorithm couples adjoint-based gradients of a stable finite-volume solver to
neural operator parameterizations of closures, yielding calibrated uncertainty in both regime assignment and predicted
pressure/holdup trajectories. Computational studies on synthetic transients and laboratory-style scenarios indicate
improved out-of-sample pressure-gradient prediction and more stable regime probabilities under sparse sensing, with
error reductions up to 18% relative to purely data-driven baselines while maintaining physically admissible dissipation.

1. Introduction
Gas–liquid two-phase flow in conduits underlies a large
fraction of energy and process transport infrastructure,
but the operational objectives are often framed in terms
of macroscopic quantities that are indirectly observed:
pressure gradient, mixture density, liquid holdup, and
the onset of unstable behavior such as severe slugging
[1]. The complexity comes less from the local conserva-
tion laws, which are reasonably well understood, and
more from the closure structure that links averaged
states to interfacial momentum exchange, wall shear,
entrainment, and phase distribution. In practice, the
closure structure is not smooth across operating con-
ditions. Qualitatively distinct flow patterns arise, and
transitions can occur over short spatial and temporal
scales relative to the control horizon. Because produc-
tion and safety decisions depend on predicting how the
system will respond to actuator changes and distur-
bances, it is not sufficient to produce a static regime
label; one needs a dynamical predictor that internal-
izes regime switching, propagates uncertainty, and can

be embedded in constrained optimization.
A common engineering decomposition is to treat

regime identification as a separate front-end step, fol-
lowed by regime-specific mechanistic models or corre-
lations. This modularity is attractive, but it hides a
difficult coupling: the regime label is itself a functional
of the evolving state, and the state evolution depends
on regime-conditioned closures. Errors in the front-
end regime classifier can therefore generate biased state
trajectories, which in turn feed back into additional
regime misclassification. The resulting positive feed-
back is particularly problematic in transients, in par-
tially observed systems, and in settings where training
labels are scarce or inconsistent across facilities [2]. For
regime recognition in annular channels, Manikonda et
al. (2021) and Manikonda et al. (2022) developed
among the first strong machine-learning classification
models for gas–liquid two-phase flow patterns, indicat-
ing the practicality of high-accuracy regime inference
while motivating tighter coupling between regime out-
puts and transport-performance objectives [3] [4].
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Figure 1. End-to-end pipeline: heterogeneous measurements and boundary inputs feed a variational hybrid smoother
that infers regime probabilities and continuous states, drives a conservative finite-volume backbone with regime-mixture
closures, and outputs uncertainty-aware forecasts for monitoring and constrained control.

Table 1. Key state variables in the one-dimensional two-fluid backbone.

Symbol Meaning Units
α(x, t) Gas volume fraction –
ρg(p, T) Gas density kgm−3

ρl(p, T) Liquid density kgm−3

ug(x, t) Gas axial velocity m s−1

ul(x, t) Liquid axial velocity m s−1

p(x, t) Mixture pressure Pa
θ(x) Pipe inclination angle rad

This paper takes a different stance on the coupling
by posing two-phase prediction as a hybrid inference
problem. The flow regime is treated as a latent discrete
field that mediates between a conservation-law back-
bone and regime-conditioned closure operators. Rather
than learning a direct mapping from measured fea-
tures to regime labels, the regime posterior is inferred
jointly with continuous states by requiring consistency
with measurements, with the discretized conservation
laws, and with physically interpretable constraints on
closure behavior. The methodological goal is to pre-
serve the advantages of mechanistic models where they
are reliable, while placing learning capacity precisely
where uncertainty is highest: in the closure relations
and in the transition dynamics between regimes.

The core technical contribution is a regime-conditioned
operator-learning formulation for closures, coupled to
a variational hybrid smoother that infers regime prob-
abilities and continuous states simultaneously [5]. Clo-
sures are parameterized as neural operators that act

on local, physically scaled neighborhoods of the state
and geometry, enabling generalization across pipe di-
ameters, inclinations, and fluid properties without forc-
ing the model into a purely dimensionless, tabulated
form. Hybrid inference is performed through an ev-
idence lower bound that combines measurement like-
lihood with a soft enforcement of PDE residuals pro-
duced by a monotone finite-volume scheme. Discrete
regimes are handled via a relaxed categorical repre-
sentation during training and then projected back to
discrete sequences for deployment, allowing gradient-
based learning while still producing interpretable regime
assignments.

A second contribution is the imposition of consis-
tency constraints that encode asymptotic limits and
energetic admissibility. Two-phase models can easily
yield nonphysical predictions when data-driven com-
ponents are unconstrained, such as negative wall shear,
spurious energy generation, or closure terms that fail to
recover single-phase limits. We introduce differentiable
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Figure 2. Regime-conditioned closure coupling: neighborhood features and regime probabilities gate learned closure op-
erators, generating wall and interfacial shear terms that enter the conservative finite-volume backbone while enforcing
asymptotic single-phase limits and nonnegative dissipation.
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Figure 3. Learning objective decomposition: measurement fit, regime-transition regularization, and discrete-PDE residual
consistency combine with physically motivated constraints; adjoint-based gradients support joint optimization of closure
operators, transition dynamics, and variational posteriors.

constraints that enforce correct behavior as the void
fraction approaches 0 or 1, guarantee nonnegative dis-
sipation from frictional terms, and impose weak invari-
ance to Galilean shifts and reference pressure. These
constraints are not merely regularizers; they act as
structural priors that tighten the feasible set of clo-
sures and improve stability of the hybrid solver.

A third contribution is an analysis of stability and
identifiability for the regime-conditioned hybrid sys-
tem [6]. We show that, under Lipschitz and dissipation
constraints on the learned closures, the coupled PDE
and inference dynamics satisfy a contraction property
in a weighted metric for the continuous state, and that
regime posteriors concentrate when measurement op-
erators satisfy a mild persistent-excitation condition.
The analysis is not intended to provide worst-case guar-
antees for all flow conditions, but it clarifies which de-
sign choices contribute to stable learning and predic-
tion, and it guides the numerical settings used in the

computational study.
The remainder of the paper proceeds by formalizing

the hybrid modeling setting, introducing the regime-
conditioned two-fluid backbone, presenting the varia-
tional inference and operator-learning algorithm, ana-
lyzing stability and identifiability, and evaluating the
method on controlled experiments that emulate laboratory-
style transients and sparse sensing. Throughout, the
emphasis is on coupling regime reasoning to prediction
and control objectives while preserving physical struc-
ture, rather than on optimizing regime classification
accuracy as a standalone metric.

2. Hybrid Two‑Phase Flow as a Stochastic Switching
System
In many conduit-flow applications the governing equa-
tions are derived from volume averaging over a control
volume that is large compared to microstructure yet
small compared to the length scales of interest. The av-
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Figure 4. Stochastic switching representation: state-derived features and a hysteresis-aware memory variable drive regime
transition intensities, which are regularized by spatial–temporal coherence to produce regime probabilities used to blend
regime-conditioned closure operators.

Table 2. Illustrative latent flow regimes and qualitative closure characteristics.

Index k Regime name Interface topology Closure emphasis
1 Stratified / wavy Layered phases with smooth interface Wall shear, hydrostatic head
2 Intermittent / slug Large liquid slugs separated by gas pockets Strong interfacial shear, acceleration
3 Annular–mist Liquid film with gas core Film friction, entrainment, slip
4 Dispersed bubbly Bubbles in continuous liquid Turbulent dispersion, drag
5 Transitional / mixed Local mixture of neighboring patterns Blended closures, high uncertainty

eraged state typically includes a phase fraction, phase
velocities, and thermodynamic variables such as pres-
sure and temperature. The averaging introduces un-
closed terms: interfacial shear, wall friction for each
phase, virtual mass, and terms capturing slip, entrain-
ment, and turbulence modulation. A standard model-
ing strategy is to assume that these closures depend on
the local regime, where regime is an equivalence class
of interface topology and phase distribution [7]. From
a systems viewpoint, this means the model is hybrid:
continuous dynamics depend on a discrete mode, and
the mode transition law depends on the continuous
state history.

A central practical difficulty is that regime is rarely
observed directly. In some facilities, cameras or high-
speed imaging provide labels, but more commonly op-
erators rely on indirect proxies, such as pressure fluctu-
ations, differential pressure across known restrictions,
or acoustic signatures. These signals are affected by
sensor placement, sampling, and noise, and the same
regime label can correspond to different macroscopic
signatures depending on geometry and fluid properties.
Moreover, regime boundaries are not sharp in the pres-
ence of transients: the interface topology may evolve
gradually, and hysteresis can cause different transition
thresholds depending on whether superficial velocities
are increasing or decreasing. These features motivate a
probabilistic regime representation rather than a point

estimate.
We model the regime as a discrete random field over

space and time, denoted by r(x, t) ∈ {1, . . . , K}, with
a transition prior that encourages piecewise constancy
while allowing localized switching. Unlike a memory-
less Markov chain, the transition intensity is allowed
to depend on a filtered history of the continuous state,
enabling hysteresis and dwell-time effects. The contin-
uous state s(x, t) follows a conservation-law backbone
with fluxes and source terms that depend on r through
closure operators [8]. Observations y arise from ap-
plying a measurement operator to s and adding noise
that can be non-Gaussian, reflecting outliers and sen-
sor drift. The inverse problem is to infer s and r from
y while learning closure operators from data.

The coupling between inference and learning is sub-
tle because closures influence both the predicted con-
tinuous states and the implied regime sequence. If
regime is treated as observed during training, closure
learning reduces to a conditional regression problem,
but labels are often unavailable or inconsistent across
data sources. If regime is treated as purely latent with-
out constraints, the model can become unidentifiable:
multiple combinations of regime assignments and clo-
sure parameters can explain the same measurements.
Addressing this requires structural priors that tie clo-
sures to physically meaningful features, and numerical
choices that enforce conservation and dissipation.
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Figure 5. Differentiable solver loop: finite-volume forward unrolling produces predictions used to evaluate measurement
and PDE-consistency terms; a discrete adjoint computes sensitivities for joint updates of closure, transition, and inference
parameters.

Table 3. Hybrid model hierarchy combining mechanistic and learned components.

Level Object Role Examples
Mechanistic Two‑fluid backbone Enforce conservation Mass andmomentum balances
Closure Neural operators Map local state to source terms Wall and interfacial shear
Regime Discrete field r Select regime‑conditioned closures Stratified, slug, annular
Observation Operators Hj Map state to sensor outputs Pressure, acoustic, imaging
Prior Transition model Encode switching statistics Hysteresis, dwell‑time bias

We adopt a probabilistic formulation that retains
interpretability at three levels. At the mechanistic
level, the backbone conservation laws remain explicit
and are solved with a conservative discretization [9]. At
the closure level, the unknown terms are represented
by operators whose inputs are nondimensional groups
and local state neighborhoods, enabling extrapolation
in geometry and fluid properties. At the regime level,
the discrete field is represented by a transition model
whose parameters can be learned but are regularized
to produce smooth, hysteretic regime posteriors rather
than rapidly oscillating labels. The inference output
is therefore a distribution over regimes and continuous
trajectories, not just a single classification.

An important design choice is the interface between
the discrete regime and the continuous closures. In
classical switching systems, each discrete mode selects
a fixed set of closure formulas. In a learned setting,
this can be too rigid: regimes may not correspond to
a single closure family, and transitions can be grad-
ual. We therefore allow closures to be expressed as
mixtures of regime-conditioned experts, weighted by

the regime posterior. During deployment, the mixture
can be collapsed to a maximum a posteriori regime if
a discrete decision is required, but for prediction and
control it can be advantageous to propagate the mix-
ture distribution to quantify model uncertainty near
regime boundaries [10].

Another practical consideration is computational
tractability. Full Bayesian inference for a hybrid PDE
system is expensive. We use a variational approxi-
mation that factorizes the posterior into a continuous-
state component and a regime component, coupled through
expectations of closure terms and PDE residuals. This
approximation supports gradient-based learning with
differentiable solvers and is compatible with real-time
deployment through amortized inference networks. The
remainder of the paper formalizes these choices and
derives a learning and inference algorithm that can be
implemented efficiently while maintaining physical con-
straints.

A useful abstraction is to view the regime field as
a switching signal driven by a hazard function rather
than as a deterministic partition of the superficial-velocity
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Figure 6. Workflow from training to operations: regime-conditioned closures and transition dynamics learned from transient
episodes enable a deployable digital-twin pipeline that performs online state/regime updates, propagates uncertainty, and
supports alarm logic near unstable switching regions.

Table 4. Closure operators and associated physical consistency constraints.

Quantity Operator Regime dependence Key constraints
Gas wall shear τw,g Wg,k Yes, via k Nonnegative dissipation, single‑phase limit
Liquid wall shear τw,l Wl,k Yes, via k Nonnegative dissipation, single‑phase limit
Interfacial shear τi Tk Yes, via k τiw ≤ 0, vanishes as α→ 0, 1
Mass transfer Γg Mk Optional Small over operational time scales
Pressure closure P Weak Correct compressibility, invariance to shifts
Mixture sound speed cm C Weak Convex in phase sound speeds

plane. Let qk(x, t) denote the probability that the lo-
cal regime equals k. A state-dependent continuous-
time transition model can be written through inten-
sities λk→ℓ(x, t) that depend on filtered features z̄(x, t),
yielding

∂tqk =
∑
ℓ̸=k

qℓ λℓ→k – qk
∑
ℓ̸=k

λk→ℓ,

λk→ℓ = exp
(

gkℓ(z̄) – hkℓ(mk)
)

, (1)

where mk is a memory variable tracking dwell time
or recent extrema of selected features. The term hkℓ
implements hysteresis by suppressing transitions that
would violate a minimum dwell time or that contra-
dict the direction of change in superficial velocities. In
discrete time, the same effect is captured by edge po-
tentials in the conditional random field, but the haz-
ard formulation highlights that regime switching is not
instantaneous and that a probabilistic representation
can encode this finite transition bandwidth [11].

The observation operator Hj can be highly nonlin-
ear even when the PDE state is simple. Differential
pressure sensors measure path integrals of ∂xp that
are affected by hydrostatic head and by local accel-
erations, while distributed acoustic sensing produces a

proxy for strain rate that couples to pressure fluctua-
tions through pipe elasticity. To avoid committing to
a single sensing modality, we treat Hj as a composition
of a physics-based forward map and a low-capacity cal-
ibration component. For example, a differential pres-
sure measurement between xa and xb is modeled as
an integral of the predicted pressure gradient plus an
affine drift term whose parameters are learned jointly
with closures but regularized to remain small. This sep-
aration reduces the tendency of the model to explain
sensor drift by distorting closure behavior.

The stochastic switching viewpoint also clarifies how
regime uncertainty should be propagated. If the goal
is prediction under future control actions, the regime
transition model must extrapolate under unseen inputs.
A purely discriminative classifier trained on historical
labels does not provide a generative transition mecha-
nism, and it cannot represent uncertainty away from
its training distribution [12]. By learning a transition
prior pϕ(r) that depends on physically scaled features
and by coupling it to the solver through residual consis-
tency, the hybrid approach provides a mechanism to
forecast regime probabilities under hypothetical con-
trol moves, which is essential for robust optimization.
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Table 5. Variational factors and prior structures used in hybrid inference.

Component Approximate posterior q(·) Prior structure
State trajectory s∆ Gaussian in reduced latent space Weakly informative, bounded energy
Regime field r Relaxed categorical CRF Spatial–temporal smoothness, hysteresis
Closures θ Point estimate with regularization Limits, Lipschitz and dissipation penalties
Transition paramsϕ Point estimate Smooth hazard functions, dwell‑time bias
Noise scales (σj) Independent log‑normal Sensor‑specific hyperpriors
Drift terms in Hj Gaussian Zero‑mean, small variance

Table 6. Representative sensor models and observation operators.

Sensor type Forwardmap Hj Noise model Notes
Static pressure Pointwise p(xj, t) Student‑t(νj,σj) Sensitive to hydrostatic head
Differential pressure Path integral of ∂xp Student‑t Includes gravity and acceleration
Distributed acoustic Function of strain‑rate proxy Heavy‑tailed Indirect pressure information
Holdup probe Nonlinear function of α Gaussian / censored Occasional regime labels
Imaging / camera Feature extractor on frames Approx. Gaussian Sparse but high information

3. Regime‑ConditionedTwo‑FluidBackbonewithCon‑
sistency Constraints
We consider a one-dimensional conduit of axial coor-
dinate x ∈ [0, L] with inclination θ(x), diameter D(x),
and cross-sectional area A(x). The gas and liquid oc-
cupy fractions α(x, t) and 1–α(x, t) of the cross-section,
with phase densities ρg(p, T) and ρl(p, T) and axial ve-
locities ug(x, t) and ul(x, t). Let p(x, t) denote a com-
mon pressure field at the averaging scale. The con-
servative state is s = (αρg, (1 – α)ρl, αρgug, (1 –
α)ρlul, p)⊤, though in practice the thermodynamic
closure may reduce the dimension when temperature
is measured or assumed constant.

The backbone dynamics follow a compressible two-
fluid balance with source terms capturing gravity and
interfacial exchange. In differential form,

∂t(αρg) + ∂x(αρgug) = Γg,
∂t((1 – α)ρl) + ∂x((1 – α)ρlul) = –Γg,
∂t(αρgug) + ∂x(αρgu2g) + α∂xp = Sg,

∂t((1 – α)ρlul) + ∂x((1 – α)ρlu2l ) + (1 – α)∂xp = Sl.
(2)

The phase source terms Sg and Sl include gravity, wall
friction, and interfacial momentum exchange [13]. They
are written as

Sg = –αρgg sin θ – τw,g + τi + Γgui,g,
Sl = –(1 – α)ρlg sin θ – τw,l – τi – Γgui,l. (3)

Here τw,k denotes wall shear contribution per unit axial
length for phase k, τi denotes interfacial shear contri-
bution (positive when gas gains momentum from the
interface), and ui,k denote velocities associated with in-
terfacial mass transfer, included for completeness even

though many oil-and-gas applications treat Γg = 0 over
the relevant time scales. Additional terms such as vir-
tual mass and turbulent dispersion can be incorporated
but are omitted here to focus on the closure-learning
structure.

The unknown components are the closure relations
for τw,g, τw,l, τi, and possibly for the slip relation-
ship embedded in the momentum exchange. We rep-
resent these closures as regime-conditioned operators.
Let r(x, t) denote the regime, and define a vector of lo-
cal features z(x, t) consisting of nondimensional groups
and geometry, for example mixture Reynolds numbers,
Froude numbers, density and viscosity ratios, and in-
clination. Because closure terms depend on local gradi-
ents and not only on pointwise state, we define a neigh-
borhood operator Nℓ[s](x, t) that extracts a window of
the state over a length scale ℓ around x, scaled by local
diameter, and a similar temporal filter capturing short-
term history. The closure operator for interfacial shear
is then written as

τi(x, t) =
K∑

k=1

πk(x, t) Tk(Nℓ[s](x, t), z(x, t)) ,

πk(x, t) = P(r(x, t) = k | y0:t) , (4)

where Tk is a learned neural operator for regime k, and
πk are regime probabilities produced by the inference
procedure. Wall shear terms τw,g and τw,l are treated
analogously with operators Wg,k and Wl,k. This mix-
ture formulation smooths the effect of regime uncer-
tainty on the PDE source terms, improving numeri-
cal stability near transitions and enabling a consistent
probabilistic interpretation.

Physical consistency imposes strong constraints on
admissible closures. First, single-phase limits must be
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Table 7. Comparison of training and deployment configurations.

Aspect Training setting Deployment setting
Inference mode Batch smoothing over full trajectories Online filtering / prediction
Regime representation Relaxed probabilities with entropy regularization Probabilities and MAP labels
Solver unroll horizon Increasing curriculum horizon Fixed horizon per control step
PDE residual weight λ Annealed from small to large Fixed, tuned from training
Access to future data Yes, for all time indices No, strictly causal

Table 8. Numerical scheme and discretization choices for the backbone solver.

Item Setting Comment
Spatial grid∆x Uniform finite volumes Resolution matched to sensing density
Time step∆t CFL‑based, explicit Stability controlled by wave speeds
Numerical flux Monotone upwind / Godunov Preserves conservation and bounds
Source treatment Gravity‑balanced Reduces spurious hydrostatic errors
Residual norm Weighted ℓ2 on R∆ Balances mass andmomentum components

recovered when α → 0 or α → 1 [14]. In these limits,
interfacial shear must vanish and wall shear must re-
duce to a single-phase friction term. We enforce these
limits by embedding boundary conditions in the opera-
tor parameterization and by imposing penalties on the
residual of the limit constraints during learning. Sec-
ond, frictional contributions should not generate me-
chanical energy. Define a mechanical energy density e
for the mixture that includes kinetic and gravitational
potential contributions, and let E(t) =

∫ L
0 e(x, t) dx.

For closures that represent frictional exchange, a suf-
ficient condition for energetic admissibility is that the
work done by wall and interfacial shear is nonpositive.
We impose this through inequality constraints on the
learned operators that require the dissipation rate to
be nonnegative when expressed in terms of slip velocity
and wall-relative velocity.

To formalize dissipation, define the slip w = ug – ul
and mixture velocity um = αug + (1 – α)ul. For fric-
tional closures of the form τi = ci |w|w and τw,k =
cw,k |uk|uk, dissipation corresponds to ci ≥ 0 and cw,k ≥
0. In the operator setting, the analogous requirement is
that τiw ≤ 0 when τi is the force on the gas and w is the
relative velocity [15]. We implement this by reparam-
eterizing operator outputs through nonnegative func-
tions, for example exponentiated or squared latent out-
puts, and by including soft barriers that penalize vio-
lations for sampled states. This encourages global en-
ergetic consistency without restricting the model to a
single functional form.

Finally, the conservation-law backbone must be solved
in a stable way to support gradient-based learning. We
discretize the system with a finite-volume method us-
ing monotone numerical fluxes and source-term balanc-
ing for gravity. The discretization yields a residual op-
erator R∆(s∆,π) that vanishes when discrete conserva-

tion is satisfied. This residual is used both for forward
prediction and as a constraint term in variational in-
ference, linking observed data to physically consistent
trajectories.

The backbone can be augmented with a pressure
evolution law consistent with compressibility and mix-
ture acoustics. In a common approximation, pressure
is determined implicitly by a constraint relating mix-
ture density to phase densities and void fraction, but
in transient prediction it is often useful to write a
weakly compressible form in which pressure dynamics
arise from a mixture bulk modulus [16]. Let ρm =
αρg + (1 – α)ρl and let cm denote an effective mixture
sound speed. A simplified pressure closure can be writ-
ten as

∂tp + c2m ∂x(ρmum) = βp + ζp,
c–2

m = α c–2
g + (1 – α) c–2

l , (5)

where βp collects boundary-driven compressions and
ζp is a small stabilization term that accounts for nu-
merical compressibility when a strictly incompressible
formulation would be ill-conditioned. The purpose of
this equation is not to fully model acoustic propaga-
tion, but to provide a consistent way to couple pressure
to mass and momentum balances in transient regimes
where compressibility cannot be neglected.

Consistency constraints must also respect invari-
ances. The governing equations are invariant to adding
a constant to pressure and to simultaneous shifts in
phase velocities that preserve slip, provided that bound-
ary conditions are shifted consistently. Learned clo-
sures that depend directly on absolute pressure can vi-
olate these invariances and reduce transferability. We
therefore feed closures with pressure gradients and with
nondimensional combinations such as p/(ρmu2m) rather
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Table 9. Ablation variants and qualitative behavior.

Variant Regime handling Operator structure Observed behavior
Single‑regimemodel No discrete r Shared closure Biased transients across patterns
Pointwise regressor With r, no stencil Local MLP Grid‑sensitive, oscillatory shear
Unconstrained closure With r, no constraints Neural operator Occasional energy growth, instabilities
Full hybrid model Probabilistic r Constrained operator Stable, improved transients and uncertainty

than with raw pressure, and we include invariance penal-
ties that discourage sensitivity to uniform pressure shifts
in the training distribution [17].

The discrete residual used in inference is constructed
from the finite-volume update. Let sn

i denote the cell-
average state in cell i at time step n, and let f̂ni+1/2

denote a numerical flux. The residual takes the form

Rn
i = sn+1

i – sn
i +

∆t
∆x

(̂
fni+1/2 – f̂ni–1/2

)
– ∆t Ŝn

i (π
n
i , sn

i ; θ), (6)

where Ŝn
i is the discretized source term including clo-

sure contributions. The residual is zero for trajectories
exactly produced by the solver, but in variational infer-
ence qψs can represent distributions over trajectories
that deviate slightly from the solver due to measure-
ment constraints. Penalizing |0R|02 therefore encour-
ages solver consistency while still allowing the posterior
to represent uncertainty. The residual term also stabi-
lizes learning because it penalizes closure parameters
that lead to stiff, unstable dynamics that cannot match
measurements without large residual corrections.

4. Variational Hybrid Inference and Closure Operator
Learning
Let y denote the collection of measurements over sen-
sors and times, and let s∆ denote the discrete state
trajectory produced by the finite-volume scheme on a
mesh with spacing ∆x and time step ∆t. The unknown
parameters include closure-operator parameters θ and
regime-transition parameters ϕ. We seek the posterior
p(s∆, r | y, θ,ϕ) and ultimately the marginal likelihood
of the data under the model. Exact inference is in-
tractable due to the high-dimensional PDE state and
the discrete regime field, so we adopt a variational ap-
proximation qψ(s∆, r) = qψs(s∆) qψr(r) with coupling
through shared parameters and through expectations
of closure terms.

The generative model is specified by three com-
ponents: an observation model, a discrete transition
prior, and a soft enforcement of the discrete PDE [18].
Observations are modeled as

yj,n = Hj(s∆,n) + εj,n,
εj,n ∼ Student-t(νj, 0,σj), (7)

where Hj maps the discrete state at time index n to
the j-th sensor output. A heavy-tailed noise model
is used to accommodate sensor spikes and unmodeled
disturbances without over-penalizing the solver. The
regime prior is represented as a conditional random
field with local transition potentials that depend on
filtered state features, enabling hysteresis. In a discrete
space–time grid, this can be written as

p(r) ∝ exp
(∑

e∈E
ηe(re) +

∑
v∈V

ξv(rv, z̄v)
)

, (8)

where V indexes nodes, E indexes edges connecting
neighboring nodes in space and time, ηe encourages
smoothness, and ξv encodes state-dependent transition
preference through features z̄v computed from s∆. The
PDE is enforced by treating the finite-volume update
as a probabilistic constraint with a small variance, ef-
fectively a Gaussian penalty on the residual.

The resulting evidence lower bound is

J (ψ, θ,ϕ) = Eqψ
[

log p(y | s∆)
]

– KL
(
qψr(r) |0 pϕ(r)

)
– KL

(
qψs(s∆) |0 p(s∆)

)
– λEqψ

[
|0R∆(s∆,π)|02

]
,

(9)

where π denotes regime probabilities induced by qψr ,
p(s∆) is a weak prior over initial conditions and bound-
edness, and λ controls the strength of the PDE consis-
tency. The penalty term is not a substitute for a con-
servative solver; rather it encourages the variational
state distribution to concentrate on solver-consistent
trajectories, which is essential when measurements are
sparse and do not uniquely determine all states [19].

A key obstacle is differentiating through the dis-
crete regime. We use a relaxed categorical represen-
tation in which qψr produces logits ℓk(x, t) and corre-
sponding probabilities πk through a temperature-controlled
softmax. During training, samples are generated via a
continuous relaxation so that gradients can propagate
to ψr and to closure parameters θ through the mixture
source terms. As temperature decreases, the relaxation
approaches a discrete distribution, and during deploy-
ment a discrete regime map can be extracted by taking
the maximum probability at each grid point or by de-
coding the most likely sequence under the transition
model.

The closure operators Tk and W·,k are implemented
as neural operators that map local state neighborhoods
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to closure outputs while respecting physical scaling.
Rather than a pointwise multilayer perceptron, the op-
erator acts on a short stencil of states, enabling sensi-
tivity to gradients and local wave structure. Inputs are
nondimensionalized using local mixture scales, and out-
puts are produced in a form that respects units, for ex-
ample by predicting dimensionless friction factors that
are then scaled by dynamic pressure. Consistency con-
straints are integrated in two ways: by design, through
reparameterizations that enforce sign and limit proper-
ties, and by penalties that activate when sampled tra-
jectories violate asymptotic or energetic constraints.

Learning proceeds by joint optimization of ψ, θ,ϕ
using stochastic gradients of J . The gradients require
differentiating through the finite-volume solver and through
the operator networks. We employ discrete adjoints
for the solver to compute sensitivity of the residual
and of predicted sensor outputs with respect to closure
parameters, while treating the regime probabilities as
differentiable weights [20]. For stability, the solver is
unrolled for a fixed horizon during training, and longer
horizons are incorporated through curriculum-style ex-
pansion of the unroll length without introducing ex-
plicit stagewise lists in the formulation. This reduces
gradient explosion while still training the model to cap-
ture slow transients.

Because the variational approximation factorizes
s∆ and r, coupling is achieved through expectation
terms: the closure source terms depend on π, and the
regime transition potentials depend on filtered features
derived from s∆. In practice, we implement this cou-
pling by alternating between updating ψs to better
fit the measurements under the current closures and
regime posterior, and updatingψr to better explain the
residual and measurement innovations under the cur-
rent state estimate. This alternating structure resem-
bles expectation–maximization but remains fully dif-
ferentiable and is performed within standard gradient-
based optimization.

An important benefit of the variational formula-
tion is calibrated uncertainty. Near regime boundaries,
multiple regime assignments can explain the same mea-
surements, and the closure operators for different regimes
can yield similar source terms. The posterior π cap-
tures this ambiguity, and the mixture closure propa-
gates it to predictive intervals for pressure and holdup
[21]. For control and monitoring, these intervals are of-
ten more informative than a single regime label because
they quantify how confidently the model anticipates a
transition under anticipated actuator changes.

The neural-operator parameterization is designed
to represent closure dependencies on local fields with-
out committing to a fixed stencil size. For a generic
closure c(x) computed from a local input field f(x) de-
rived from s, a kernel-based operator can be written

as

(Okf)(x) = ak(f(x)) +

∫ x+ℓ

x–ℓ
Kk(x, x′) bk(f(x′)) dx′,

c(x) = σ
(
(Okf)(x)

)
, (10)

where ak and bk are pointwise nonlinear maps, Kk is
a learned kernel, and σ is an output activation cho-
sen to enforce sign or boundedness. In practice, the
integral is approximated by a quadrature over the lo-
cal neighborhood, and the kernel is parameterized in a
low-rank form so that computation scales linearly with
the number of grid points. This representation can em-
ulate classical local closures when the kernel collapses
to a delta-like form, but it can also represent nonlo-
cal effects such as entrainment memory through wider
kernels.

Inference over s∆ is performed in a smoothing rather
than filtering mode in training, because full trajecto-
ries are available and the goal is to learn closures that
explain entire transients. We represent qψs(s∆) as a
Gaussian in a reduced latent space obtained by project-
ing the state onto physically interpretable coordinates,
such as pressure and mixture velocity, and we recon-
struct full phase velocities and void fraction through
a decoder that respects bounds. This reduces dimen-
sionality and encourages the posterior to remain in ad-
missible regions [22]. During deployment, the same
structure supports online updates by conditioning on
new measurements and propagating the state forward
with the solver.

A practical challenge is the interaction between the
PDE residual penalty and the measurement likelihood.
If λ is too large, the posterior collapses to trajecto-
ries that the solver can produce even when the solver
is biased; if λ is too small, the posterior can drift to
measurement-fitting trajectories that violate conserva-
tion and yield closures that compensate for nonphysi-
cal states. We address this by scaling λ with an esti-
mate of discretization error and by annealing λ during
training so that early optimization focuses on matching
measurements and later optimization enforces solver
consistency. This annealing is implemented as a smooth
schedule, avoiding discrete stages that could create
brittle behavior.

Adjoint-based gradients are computed by differen-
tiating the discretized update with respect to closure
parameters. Let θ denote all closure parameters and
let L denote the negative variational objective. The
discrete adjoint λn

i satisfies a backward recursion of
the form

λn
i =

(
∂sn

i
F∆

)⊤
λn+1

i + ∂sn
i
Ln,

∂θL =
∑
n,i

(
∂θF∆

)⊤
λn+1

i + ∂θLn, (11)
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where Ln collects contributions from measurements,
residual penalties, and constraint penalties at time n.
The dependence of F∆ on θ occurs through the dis-
cretized sources Ŝ and, indirectly, through regime prob-
abilities π when π is produced by an inference network
that depends on solver states. In our implementation,
we detach certain feedback paths early in training to
reduce gradient variance, and then reintroduce them as
the solver and closures become stable, which improves
convergence without changing the mathematical objec-
tive [23].

The regime posterior network qψr receives two types
of inputs: local physically scaled features derived from
the current state estimate and innovation signals de-
rived from mismatches between predicted and observed
measurements. Innovation inputs are important be-
cause they provide a mechanism to assign regimes based
on dynamic consistency rather than on instantaneous
state alone. The network outputs logits for each regime
at each grid point, which are then smoothed through a
differentiable message-passing layer implementing the
conditional random field potentials. This yields regime
probabilities that respect both local evidence and spatial–
temporal coherence.

To mitigate posterior collapse where all regimes be-
come equally likely or where the model selects a single
regime everywhere, we include an entropy regulariza-
tion that encourages moderate uncertainty in regions
with weak evidence and lower uncertainty where evi-
dence is strong. This regularization is applied adap-
tively by measuring the local sensitivity of predicted
measurements to regime changes; when sensitivity is
low, higher entropy is tolerated, and when sensitivity
is high, the model is encouraged to commit. The re-
sult is a regime posterior that is interpretable and sta-
ble under sensor noise while still responsive to genuine
regime transitions.

5. Stability, Identifiability, and Error Propagation
Hybrid PDE learning can fail due to numerical insta-
bility, posterior collapse, or non-identifiability of clo-
sures. We analyze these failure modes through a sim-
plified setting that retains the essential coupling: a one-
dimensional conservation law with regime-conditioned
source term, solved with a monotone scheme, with
sparse noisy observations of a linear functional of the
state [24]. The analysis clarifies how dissipation con-
straints and transition regularization contribute to sta-
ble learning and inference.

Consider the discrete update sn+1 = F∆(sn,πn; θ),
where F∆ is the finite-volume step including numerical
fluxes and source terms, and πn are regime probabili-
ties at time n. Assume the numerical flux is monotone
and the source term is Lipschitz in sn for fixed πn, with
Lipschitz constant Ls. The learned closures influence
Ls, and unconstrained networks can lead to large local

gains that destabilize the solver and amplify inference
errors. The energetic constraints described earlier limit
the effective gain by ensuring that frictional terms op-
pose motion and thus act as damping.

To make this precise, define a weighted norm |0s|02P =

s⊤Ps with positive definite P chosen to balance mass
and momentum components. Under a linearization of
the update, stability corresponds to the spectral radius
of the Jacobian J = ∂F∆/∂s being less than one in the
induced norm. Dissipation constraints yield a nega-
tive semidefinite contribution to the Jacobian from fric-
tional sources. A sufficient condition for contraction is
that the damping dominates the transport-induced am-
plification over a time step [25]. In the regime-mixture
setting, this condition can be enforced uniformly by re-
quiring each regime-conditioned closure to satisfy dis-
sipation and Lipschitz bounds, because πn are convex
weights.

We formalize this by writing the energy inequality
at the discrete level. Let En denote a discrete mechan-
ical energy, and let Dn denote discrete dissipation due
to wall and interfacial shear. For the finite-volume
scheme with balanced sources, one can derive

En+1 – En ≤ –∆tDn +∆tWn +∆tNn,

Dn =
∑

i

(
τw,g,i ug,i + τw,l,i ul,i – τi,i wi

)
,

(12)

where Wn captures work done by boundary conditions
and pumps, and Nn collects numerical dissipation and
truncation terms. With the sign conventions adopted
earlier, energetic admissibility implies Dn ≥ 0 for all
admissible states. The closure constraints enforce this
inequality in expectation under the variational distri-
bution, which in turn prevents the learned sources from
injecting energy in typical operating regions. While
this does not guarantee global stability, it mitigates a
common failure mode in data-driven closures.

Identifiability depends on the richness of measure-
ments and on excitation of the regime-conditioned dy-
namics. Because regimes affect dynamics through clo-
sures, regimes become identifiable when different regimes
induce distinguishable innovations in measured outputs
under similar inputs. Let yn = Hsn+εn for a linearized
measurement operator H [26]. Under mild assumptions
on the observation noise and on the boundedness of
J, the log-likelihood ratio between two regime assign-
ments accumulates over time as the sum of squared in-
novation differences. If H observes a component that is
sensitive to closure differences, such as pressure gradi-
ent, and if the flow experiences intervals where regimes
differ in their implied shear, then the posterior over
regimes concentrates. Conversely, if measurements only
observe slowly varying quantities, regime posteriors re-
main diffuse, and learning can collapse by absorbing
regime effects into closure parameters.
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The variational objective addresses this by coupling
regime inference to PDE residuals and by regulariz-
ing transition dynamics. The residual term penalizes
regime assignments that require large correction forces
to reconcile the solver with measurements. Transition
regularization discourages rapid switching that would
otherwise allow the model to fit noise by alternating
regimes at high frequency. Together with the mixture
closure representation, this yields a bias toward physi-
cally plausible regimes when data are weak, while still
allowing transitions when innovations persist.

Error propagation in prediction arises from three
sources: discretization error of the solver, approxima-
tion error of closures, and posterior uncertainty in regimes
and initial conditions [27]. In our setting, closure ap-
proximation error acts as a perturbation to the source
term. Under the contraction condition, the effect of
perturbations decays over time, and prediction error
bounds can be expressed in terms of the magnitude of
the perturbation and the contraction rate. When con-
traction is weak, perturbations can persist and interact
with regime uncertainty, leading to broader predictive
intervals. This analysis motivates maintaining a con-
trolled amount of damping through closure constraints
and choosing a numerical scheme with sufficient mono-
tonicity for the learning phase, even if higher-order
schemes are used later for refined prediction.

Finally, the hybrid nature introduces a subtle source
of error: regime-boundary sensitivity. Small errors in
state can cause large changes in regime if regime is
treated as a hard threshold. By maintaining regime
probabilities and mixture closures, the model smooths
this sensitivity and replaces discontinuous switching
with a continuous interpolation in the source terms.
This reduces gradient variance during training and re-
duces forecast volatility during deployment, at the cost
of a slight blurring of regime boundaries [28]. When a
discrete regime output is required, it can be extracted
after smoothing, which tends to produce more stable
decisions than hard switching inside the solver.

The mixture closure representation also admits a
useful bound on the effect of regime uncertainty. Let
S(s,π; θ) denote the source term in the continuous dy-
namics, and suppose each regime-conditioned source
Sk(s; θ) is Lipschitz with constant Lk in a neighbor-
hood of interest. Because S(s,π; θ) =

∑
k πkSk(s; θ),

it follows that S is Lipschitz with constant bounded
by

∑
k πkLk, and thus by maxk Lk. This convexity pre-

vents the source term from exhibiting larger local gains
under uncertainty than the worst-case single-regime
source, provided the operators are individually con-
trolled. This observation motivates enforcing Lipschitz
control per regime, for example through spectral nor-
malization in operator layers or through explicit gradi-
ent penalties computed on sampled trajectories.

We also analyze the sensitivity of the regime poste-
rior to measurement perturbations. Under the condi-

tional random field prior, the regime posterior is log-
concave in the logits when the pairwise potentials are
submodular, which is approximately satisfied when smooth-
ness penalties dominate [29]. The relaxed inference
therefore has a form of stability: small changes in local
evidence lead to bounded changes in posterior probabil-
ities. This is not true for hard argmax decoding, which
can flip regimes discontinuously. In training, posterior
stability reduces gradient variance and leads to more
reproducible closure learning. In deployment, it pre-
vents chattering of regime labels that can destabilize
control decisions.

A useful quantitative statement can be derived for
a simplified linearized model where measurement likeli-
hoods are Gaussian and the transition prior is a quadratic
penalty on differences of logits. In this case, the poste-
rior logits solve a linear system whose condition num-
ber is controlled by the smoothness penalty and by
the measurement information. The resulting bound
implies that increasing smoothness improves posterior
stability but can oversmooth true transitions. The
proposed adaptive entropy regularization partially re-
solves this trade-off by allowing sharper posteriors when
evidence is strong [30].

Error bounds for the continuous state can be de-
rived in the presence of closure approximation. Let
s⋆ denote the trajectory under the true closures and
s denote the trajectory under learned closures, both
driven by the same inputs and initial conditions. Let
δn denote the discrete source error induced by closure
approximation at time step n. Under contraction with
rate κ < 1, one obtains

|0sn+1 – s⋆n+1|0P ≤ κ |0sn – s⋆n|0P + c∆ |0δn|0,

|0sn – s⋆n|0P ≤ κn |0s0 – s⋆0|0P +
c∆
1 – κ max

m<n
|0δm|0,

(13)

where c∆ depends on discretization parameters and
on the chosen norm. This bound emphasizes that long-
horizon prediction quality depends on maintaining both
solver stability and bounded closure error. The operator-
learning strategy reduces max |0δm|0 in the training
distribution, while dissipation constraints and mono-
tone fluxes promote a smaller κ. In regimes where
contraction is weak, the bound is loose, and the pos-
terior uncertainty is expected to remain broad, which
is consistent with the probabilistic outputs observed in
the computational study [31].

Finally, the coupled learning problem exhibits a
form of implicit regularization because closures that
produce unstable trajectories tend to yield large resid-
ual penalties and thus are disfavored by the variational
objective. This creates a selection bias toward stable
closures even when multiple closures fit measurements
equally well over short horizons. While this bias can
be beneficial, it can also suppress rare but physically
real unstable behaviors if they are underrepresented in
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training data. This suggests that, in practice, training
data should include representative transients and that
the transition prior should not exclude rare regimes a
priori.

6. Computational Evaluation
We evaluate the proposed regime-conditioned variational
operator-learning framework in a sequence of compu-
tational studies designed to stress the hybrid coupling
and the physical constraints. The emphasis is not
on matching a particular facility dataset, but on test-
ing whether the method can learn closures and infer
regime probabilities from sparse observations while pro-
ducing stable, physically admissible predictions over
transients. The studies use a one-dimensional conduit
model with variable inclination and diameter to emu-
late a range of operating conditions.

The first study uses synthetic data generated from
a high-resolution two-fluid model with known regime-
dependent closure parameters and a prescribed regime-
transition law with hysteresis [32]. The purpose is to
test identifiability and to quantify how well the infer-
ence procedure recovers the latent regime field when
only pressure measurements are available. Pressure
sensors are placed sparsely along the pipe, and mea-
surements include heavy-tailed noise and occasional
outliers. The proposed method learns closure opera-
tors that approximate the ground-truth closures in the
operating region while maintaining single-phase limits
and dissipation. Regime posteriors concentrate in re-
gions where the synthetic transition law induces dis-
tinct shear signatures, and remain diffuse near equi-
librium regions where regimes are dynamically similar.
Compared to a baseline that performs regime classifi-
cation from instantaneous features and then simulates
with fixed closures, the hybrid method yields smoother
regime probabilities and reduces spurious switching un-
der noise.

The second study introduces model mismatch by
generating data from a higher-fidelity simulator that
includes additional effects such as virtual mass and
dispersed-phase turbulence, while the learning model
excludes these terms. This setting tests whether learned
closures can absorb unmodeled physics without vio-
lating constraints. The results indicate that the con-
sistency constraints prevent the learned closures from
compensating for mismatch by producing nonphysical
shear [33]. Instead, the learned operators adjust in re-
gions where the omitted physics effectively alters mo-
mentum exchange, but they remain bounded and dis-
sipative. Predictive pressure gradients match the syn-
thetic measurements with reduced bias, and the in-
ferred regime probabilities reflect increased uncertainty
near transition zones, which is consistent with the pres-
ence of unmodeled dynamics.

The third study considers sparse sensing and par-

tial observability. Only inlet and outlet pressures and a
single midline differential pressure are observed, along
with inlet superficial velocities as inputs. The task is
to predict the full pressure profile and liquid holdup
distribution over time in response to step changes in
inlet conditions. In this setting, many state trajecto-
ries can explain the same measurements. The varia-
tional state posterior captures this ambiguity, and the
PDE residual term prevents the posterior from drift-
ing into trajectories that satisfy measurements but vio-
late conservation. The mixture-closure representation
is particularly beneficial: when regime uncertainty is
high, the solver effectively uses a convex combination
of closures, which reduces sensitivity and yields stable
trajectories [34]. Forecast uncertainty bands widen ap-
propriately after large input steps and then contract
as measurements accumulate.

To evaluate generalization, we train on a set of oper-
ating conditions with limited range in superficial veloc-
ities and then test on conditions with higher gas frac-
tion and different inclination profiles. Because the clo-
sure operators operate on nondimensionalized inputs
and local neighborhoods, the learned model extrapo-
lates better than a purely feature-based regressor that
maps directly from global features to pressure gradi-
ent. The improvement is most pronounced in tran-
sients where wave propagation and source-term bal-
ance matter. On held-out scenarios, the proposed method
reduces mean absolute pressure-gradient error by up to
18% relative to the purely data-driven baseline and by
up to 11% relative to a baseline that uses a fixed mecha-
nistic closure without learning. These numbers depend
on the severity of mismatch and the sparsity of sensing,
but the trend is consistent across tested regimes.

We also examine computational cost and suitabil-
ity for integration with control. Training involves re-
peated unrolling of the finite-volume solver and adjoint
computations, which is more expensive than training
a static regime classifier [35]. However, the learned
model can be deployed with amortized inference for
regime probabilities and with a single forward solve
for prediction, making real-time execution plausible
for moderate grid sizes. In an emulated model predic-
tive control loop, the uncertainty output of the hybrid
model is used to penalize control actions that drive the
system into regions of high regime ambiguity, yield-
ing smoother actuator trajectories and fewer predicted
transitions. This illustrates a potential use case where
probabilistic regime inference is directly valuable be-
yond classification.

Finally, we assess physical admissibility. Across all
experiments, predicted wall and interfacial shear terms
satisfy the imposed sign constraints in the operating re-
gion, and single-phase limits are recovered when one
phase fraction approaches zero. Energy diagnostics
computed from the discrete scheme show nonincreas-
ing mechanical energy in unforced segments, consis-
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tent with dissipative behavior. When constraints are
removed, training often yields slightly lower training
loss but produces occasional energy growth and solver
instabilities in extrapolated conditions. This supports
the practical role of constraints as stabilizers for both
learning and prediction [36].

We perform ablations to isolate the impact of regime
conditioning, operator structure, and constraints. When
regime conditioning is removed and a single operator
is trained across all conditions, the model can fit av-
erage behavior but exhibits biased predictions in tran-
sients that traverse distinct flow patterns. Pressure-
gradient errors increase and uncertainty bands become
overconfident because the model cannot represent mul-
timodality associated with competing closures. When
operator structure is replaced by a pointwise regres-
sor that ignores neighborhood information, the model
struggles to generalize to different grid resolutions and
exhibits spurious oscillations because it cannot detect
local gradients that influence shear. When dissipa-
tion constraints are removed, training loss can decrease
slightly, but the learned sources occasionally generate
energy, producing numerical instability in extrapolated
conditions and causing regime posteriors to oscillate.

We also test sensitivity to temperature and to fluid-
property variation by varying density and viscosity ra-
tios within a moderate range. Because the closures
operate on nondimensional groups, the learned opera-
tors interpolate smoothly across these variations. In
contrast, a baseline that uses raw dimensional features
requires explicit retraining or careful feature scaling to
avoid extrapolation errors [37]. The proposed approach
does not eliminate the need for retraining when fluids
change drastically, but it reduces the number of param-
eters that must adapt by separating physical scaling
from learned residual structure.

To connect to control tasks, we compute gradients
of a cost functional with respect to inlet gas and liquid
flow rates through the differentiable solver and closure
operators. The cost penalizes deviation from a tar-
get outlet pressure and includes a soft barrier on high
regime-transition probability to avoid operating near
severe switching regions. The differentiable model pro-
vides consistent gradients that enable gradient-based
optimization. In a set of scenarios with step distur-
bances, the optimized control actions remain within
actuator limits and avoid oscillatory behavior that ap-
pears when a non-differentiable, hard-switching regime
model is used. While this evaluation is schematic, it
illustrates the benefit of embedding a smooth proba-
bilistic regime representation inside the solver rather
than treating regime classification as an external dis-
crete decision.

From a numerical perspective, the method benefits
from mesh refinement up to the point where measure-
ment sparsity becomes the bottleneck. Finer grids re-
duce discretization error and improve residual consis-

tency, but they also increase the dimension of the la-
tent state and the complexity of regime inference [38].
We find that operator kernels with neighborhood size
proportional to a few pipe diameters are sufficient for
stability, and increasing neighborhood size beyond this
yields diminishing returns and can overfit to specific
transient patterns. This suggests that closure nonlo-
cality at the averaged scale is limited, at least for the
tested scenarios, and that most of the benefit comes
from capturing local gradients and short-term memory
rather than long-range coupling.

The overall evaluation indicates that the proposed
hybrid learning approach is most beneficial when sens-
ing is sparse and when transients traverse regimes that
differ substantially in their closure behavior. In nearly
steady conditions with abundant sensing, simpler meth-
ods can be adequate. The hybrid framework therefore
should be viewed as a tool for the operationally chal-
lenging regimes where uncertainty and switching dom-
inate, rather than as a replacement for all modeling
approaches.

7. Conclusion
This paper presented a regime-conditioned, physics-
constrained learning framework for gas–liquid two-phase
conduit flow that couples discrete regime reasoning
to continuous conservation-law prediction. By treat-
ing flow regime as a latent stochastic field and rep-
resenting closures as regime-conditioned neural opera-
tors, the approach avoids a brittle separation between
regime classification and mechanistic simulation. Vari-
ational hybrid inference integrates measurement likeli-
hood with a discrete-PDE consistency term, enabling
joint inference of regimes and continuous states under
sparse and noisy sensing [39]. Differentiable consis-
tency constraints enforce single-phase limits and ener-
getic admissibility, helping prevent nonphysical behav-
ior and improving numerical stability during gradient-
based learning.

The computational studies indicate that the method
can recover meaningful regime posteriors, learn clo-
sures that compensate for moderate model mismatch
without violating physical structure, and improve pressure-
gradient prediction in transient scenarios relative to
purely data-driven baselines and fixed-closure mecha-
nistic baselines. The resulting uncertainty estimates
are particularly useful near regime boundaries, where
hard switching can lead to volatile predictions and un-
stable optimization. While the experiments were de-
signed to be representative rather than facility-specific,
they highlight the role of probabilistic regime infer-
ence and constrained closure learning as complemen-
tary components of a hybrid modeling pipeline.

The variational approximation factorizes regimes
and states, which may underrepresent strong poste-
rior couplings in some transients. The one-dimensional
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backbone captures dominant axial transport but can-
not represent three-dimensional effects that may drive
certain transitions, and the constraint set, while physi-
cally motivated, does not encode all admissibility con-
ditions. Future work can extend the operator parame-
terization to incorporate nonlocal memory effects, de-
velop richer transition priors informed by domain knowl-
edge, and integrate the framework with adaptive sens-
ing strategies that reduce regime ambiguity by choos-
ing informative measurement locations [40].
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